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Problem Set 1 


LEVEL 1 


1. 


Determine whether each of the following sentences is an atomic statement, a compound 


statement, or not a statement at all: (i) I am not going to work today. (ii) What is the meaning of 
life? (111) Don’t go away mad. (iv) I watched the television show Parks and Recreation. (v) If pigs 


have wings, then they can fly. (vi) 3 <-5 or 38 > 37. (vii) This sentence has five words. 


(viii) I cannot swim, but I can run fast. 


Solutions: 


(i) 

(ii) 
(iii) 
(iv) 
(v) 
(vi) 


(vii) 


This is a compound statement. It has the form ap, where p is the statement “I am going to 
work today.” 


This is not a statement. It is a question. 
This is not a statement. It is a command. 


This is an atomic statement. Even though the word “and” appears in the statement, here it is 
part of the name of the show. It is not being used as a connective. 


This is a compound statement. It has the form p > q, where p is the statement “Pigs have 
wings,” and q is the statement “Pigs can fly.” 


This is a compound statement. It has the form p V q, where p is the statement “3 < - 5” and 
q is the statement “38 > 37.” 


This is not a statement because it is self-referential. Self-referential sentences can cause 
problems. For example, observe that the negation of this sentence would be “This sentence 
does not have five words.” The sentence and its negation both appear to be true. That would 
be a problem. It’s a good thing they’re not statements! 


(viii) This is a compound statement. It has the form ~p A q, where p is the statement “I can swim,” 


and q is the statement “I can run fast.” Note that in sentential logic, the word “but” has the 
same meaning as the word “and.” In English, the word “but” is used to introduce contrast with 
the part of the sentence that has already been mentioned. However, logically it is no different 
than “and.” 


2. What is the negation of each of the following statements: (i) The banana is my favorite fruit. 


(ii) 7 > - 3. (iii) You are not alone. (iv) The function f is differentiable everywhere. 


Solutions: 


(i) 

(ii) 
(iii) 
(iv) 


The banana is not my favorite fruit. 
7<=-3 
You are alone. 


The function f is not differentiable everywhere. 


LEVEL 2 


3. Let p represent the statement “9 is a perfect square,” let q represent the statement “Orange is a 
primary color,” and let r represent the statement “A frog is a reptile.” Rewrite each of the 
following symbolic statements in words, and state the truth value of each statement: (i) p A q; 
(ii) a1; (ili) p > 1; (iv) qr; (v) ap Aq; (vi) a(p Aq); (vii) ap V 7g; (Vili) (DV Aq) > 7 


Solutions: First note that p is true (9 = 37), q is false (the primary colors are red, yellow and blue; 
orange is a secondary color), and r is false (a frog is an amphibian, not a reptile). 


(i)  p^q represents “9 is a perfect square and orange is a primary color.” Since q has truth 
value F, it follows that p A q has truth value F. 


(ii) ~r represents “A frog is not a reptile.” Since r has truth value F, it follows that ~r has truth 
value T. 


(iii) p —> r represents “If 9 is a perfect square, then a frog is a reptile.” Since p has truth value T 
and r has truth value F, it follows that p > r has truth value F. 


(iv) q © r represents “Orange is a primary color if and only if a frog is a reptile.” Since q andr 
have the same truth value (they both have truth value F), q © r has truth value T. 


(v) ~p Aq represents “9 is not a perfect square and orange is a primary color.” As in (i) above, 
since q has truth value F, it follows that p A q has truth value F. 


(vi) ~(p Aq) represents “It is not the case that 9 is a perfect square and orange is a primary 
color.” Since p Aq has truth value F (see (i) above), it follows that ~(p A q) has truth value 
T. 


(vii) ~p V ~q represents “9 is not a perfect square or orange is not a primary color.” Since ~q 
has truth value T (do you see why?), it follows that ap V ~q has truth value T. 


(viii) (œ Aq) > r represents “If 9 is a perfect square and orange is a primary color, then a frog is 
a reptile.” Since p A q has truth value F (see (i) above), it follows that (p A q) > r has truth 
value T. 


Notes: (1) In parts 7 and 8 of Example 1.6, we saw an application of one of De Morgan’s laws, namely 
that =(p V q) is equivalent to ap A ~q. In parts (vi) and (vii) above, we see an application of the other 
of De Morgan’s laws, namely that a(p A q) is equivalent to ap V nq. 


(2) Let’s draw a full truth table that proves the first De Morgan’s law. 


p q | =P | =a | PVG | PV) | =p ^q 
T T F F T F F 
T F F T T F F 
F T T F T F F 
F F T T F T T 
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Observe that the sixth column of the truth table corresponds to ~(p V q), the last (seventh) column 
corresponds to np A ~q, and both these columns have the same truth values. 


(3) When two statements give the same truth values for every assignment of the propositional 
variables, we say that the statements are logically equivalent. 


We use the symbol “=” to indicate logical equivalence. Specifically, if @ and w are logically equivalent 
statements, we write @ = qu. 


The truth table above shows that ~(p V q) = ap Anq. 


(4) Similarly, the following truth table shows that =(p A q) = ap V nq. 


p q | = | =q | p^q | Pq) | =P Vaq 
T T F F T F F 
T F F T F T T 
F T T F F T T 
F F T T F T T 


4. Consider the compound sentence “You can have a cookie or ice cream.” In English this would 
most likely mean that you can have one or the other but not both. The word “or” used here is 
generally called an “exclusive or” because it excludes the possibility of both. The disjunction is 
an “inclusive or.” Using the symbol © for exclusive or, draw the truth table for this connective. 


Solution: 
p q pq 
T T F 
T F T 
F T T 
F F F 


LEVEL 3 


5. Let p, q, and r represent true statements. Compute the truth value of each of the following 
compound statements: (i) (pVq)Vr; (i) Q@Vq)Anr; (iii) p-> (qvr); 
áv) ap e nq) Ar; (v) ailp A ag = ml vi aip V ang) e ar]; (vii p > (q4 > ~ar); 
(viii) a[p > (q > ~r)] 

Solutions: 

(i) @V@vVr=(TVT)VT=S=TVT=T. 

ii) Q@Vq@Anr=(TVT)ARTETAFEF. 

(iii) aApo(qVr) =AT > (TVT) =FOT=T. 

(iv) A@erngAr=A(T Se AT)ATEAT SC RATSAFATSTATST. 
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(v) al[p A (nq = r)| = a[TA (AT = TJ] = §|[T A (F = T)] = =[T AT] = AT =F. 

(vi) §[(Ap Y ~q) 3 ar] = a[(AT V AT) = ~T] = §[(F V F) © F] = ~[F > F] ==! =F. 

(vil) p>(q>-ar) STO (TO AT) STOW F)STOFEF. 

(viii) [ap = (q => =f )| = =|aT = (T = oe) = a[F = (T = F)] = |F = F] = AT=F. 
Notes: (1) We began each of these problems by replacing the propositional variables p, q, and r by 


their given truth values (all T). We could save a little time in each case by replacing the negations of 
each of the propositional variables by F right away. For example. (ii) above would look as follows: 


(ii) PYVQAnr=(TVTI)AFSTAFEF. 


(2) At each step, we used the truth table of the appropriate connective. For example, in problem (v) to 
get =[T A (F > T)] = [TAT], we used the third row of the truth table for the conditional. 


p q p>q 
T T T 
T F F 
F T T 
F F T 


We see from the highlighted row that F > T = T, and therefore a=[T A (F > T)| = A[TAT]. 


Quicker solutions: 
(i) @Vq@Vr=(pvqgvT=tT. 
(ii) Q@Vq@Anr=(pVqQaAF=F. 
(ii) -~p > (qvr)=F->(qvr)=rT. 
iv) A@engAr=A(T eS RATEAFATESTATSEST. 
(vy) alp (Aq > r)] =7AlpACF > 1r)] = Alp AT] = A[TAT] = AT=F. 
(vi) <A[(ap V Aq) e ar] = A[F e F] = ~T =F. 
(vii) p>(q>—r)=T>(T>F)=T>F=F. 
(viii) a[5p > (q > ar)] = ~[F > (q > ~r)] = ~T =F. 
6. Using only the logical connectives 4, A, and V, produce a statement using the propositional 


variables p and q that has the same truth values as p @ q (this is the “exclusive or” defined in 
Problem 4 above). 


Solution: We want to express that p is true or q is true, but p and q are not both true. Expressed in 
symbols, this is (p V q) An(pAQq). 


Note: (1) Let’s check that (p V q) A a(p A q) behaves as desired. 


If p and q are both true, then =(p Aq) = F, and so (pV q) Anp Aq) = (pVq)AF=F. 
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If p and q are both false, then p V q = F, and so (pV q) Anp Aq) =FARA(pAgQq) =F. 


Finally, if p and q have opposite truth values, then p V q = T and ~n(p ^A q) = T (because p Aq = F). 
Therefore, (p Vq) Aap Aq) ETAT=ET. 


(2) Recall that the word “but” is logically the same as the word “and” (see Problem 1, part (viii)). 


(3) Another way to see that p @ q has the same truth values as (p V q) A—(p A q) is to draw the truth 
tables for each and observe that row by row they have the same truth values. We do this below. 


p q |p®q/ pvq| pAq | >APAq) | Pya) npa) 
T T F T T F F 
T F T T F T T 
F T T T F T T 
F F F F F T F 


Observe that the third column of the truth table corresponds to p @® q, the last (seventh) column 
corresponds to (p V q) A-(p Aq), and both these columns have the same truth values. 


(4) In this problem, we showed that p ® q = (p Vq) A7(p Aq) (see Note (3) after Problem 3 above). 


LEVEL 4 


7. Let p represent a true statement. Decide if this is enough information to determine the truth value 
of each of the following statements. If so, state that truth value. (i) p Vq; (il) p >q; 
Gi) Sp > ~(4 V ar); Gv) Cap Aq) © p; (v) @ 2 q) <p. (vD aK ap Ang) e ~ar]; 
(vii) [p A ap) > p] A (p V =p); (viii r > [Aq > (p > ~r)] 


Solutions: 
(i) @Vvqa)=Tvq=ET. 


(ii) poq=T-q.lfq =T,wegetT >T = T.Ifq = F,wegetT > F = F. There is not enough 
information. 


(iii) -~p > ~q Var) =F > A(q@Var) =T. 

iv) ACapAqd e p= -A(FAqg) eC T=AFSTETeCTE=T. 

(Vv) @eqdenrp=(Teq) oF. lf q=T, we get TOT) Oo FETOFEF. ifq=F, we 
get (Te F) F=F © F =T. There is not enough information. 

(vi) =al[Cap A-g) e ar] = A[(FA-Aq) e ar] = A(F e ar). If r=T, we get nT =F. If 
r = F, we get ~F = T. There is not enough information. 


(vii) [(p ^ap) — p] AQ V ap) = [CTAF) > TIACT VF) =[F > TIAT=TAT=T. 


(viii) r> [Aq > (Gp > Ar)] =r > [Aq > (F > ar)] =r > [Aq > T]=r>T=T. 
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8. Assume that the given compound statement is true. Determine the truth value of each 
propositional variable. (i) p A q; (ii) n(p > q); (iii) p e [A(p A q)]; Gv) [p A (q Vr)] Aar 
Solutions: 
(i) Ifp=Forqg =F,thenp Aq =F. Therefore, p = T andq =T. 
(ii) Since ~(p > q) is true, p > q is false. Therefore, p = T and q =F. 
(iii) If p =F, then pAq =F, and so p e [A(PAq)] =F e T =F. So, p = T. It follows that 
a(p Aq) =T,andsopAq =F. Since p = T, we must have q = F. 


(iv) Asin (i), we must have p A (q Vr) = T and ~r = T. So, p=T,q Vr =T, andr =F. Since 
qVr=Tandr =F, we must have q = T. 


LEVEL 5 


9. Show that [p A (q Vr)] e [(p Aq) V (p Ar)] is always true. 


Solution: If p = F, then p A (q Vr) =F,pAq =F,andpAr =F. So, (p Aq) V (p Ar) = F. It follows 
that [p A (q vr)] e [PAG V par] SFOFST. 


fp=Tandq =T,thenpA(qVr) =TAT=Tand (pAq V(pAr) =TV(pAr) = T. It follows 
that [p A (q vr)]e [pha VAY) =TOCT=T. 


fp =T and q =F, then pA(qVr) =TAr=r and (p^q)V(pAr)=Fvr =r. It follows that 
pAGVr]e[MAQV@MAr] =rerst. 


Notes: (1) We can display this reasoning visually as follows: 


IpPA(qVr)] @[MAQgV(pAr)] 
F F T FF FFF 
TITTET T TTT? 

Tr Fr T TFE r Tr 


Each row of truth values is placed in the order suggested by the solution above. For example, for the 
first row, we start by writing F under each p because we are assuming that p = F. Next, since the 
conjunction of F with anything else is F, we write F under each A (there are three that appear). Next, 
since F V F = F, we write F under the rightmost V. Finally, since F e F = T, we write T under ©. This 
is the truth value of the entire statement, and therefore, we are done with the case p = F. The other 
two rows work the same way. 


(2) We could write out the entire truth table for [p A (q vr)] e [p ^q) V (p Ar)], as was done in 
the third solution to Example 1.8. This would be an admittedly more tedious way to solve this problem. 
| leave this solution to the reader. 


(3) A statement that has truth value T for all truth assignments of the propositional variables is called 
a tautology. This problem shows us that [p A (q Vr)] e [(p Aq) V (pA71r)] is a tautology. 


14 


(4) Recall from Note 3 after Problem 3 that two statements are logically equivalent if every assignment 
of the propositional variables leads to the same truth value for both statements. Since p e q = T if 
and only if p and q have the same truth value, we see that for statements @ and 4, @ = y if and only 
if 6 e y =T for every possible combination of truth assignments of the propositional variables 
appearing in ¢ or Ņ if and only if ọ e w is a tautology. 


Since [pA (qVr)] e [MAq) V (p Ar)] is a tautology, we see that the two statements p A (q Vr) 
and (pAq) V (p Ar) are logically equivalent. This particular equivalence is one of the distributive 
laws. We say that the conjunction is distributive over the disjunction, or A is distributive over V. 


The other distributive law says that V is distributive over A, so that p V (qAr) = (pVq)A(pVr). 


(5) We used two other laws during the third part of the solution: TAr =r and F Vr =r. These are 
sometimes known as identity laws. 


10. Show that [[(p Aq) > r] > s| > [(p > r) > s] is always true. 
Solution: If s = T, then (p > r) > s = T, and therefore, [| Aq-r|-> sl >|@ >r)>s|]=T. 


Now, assume s = F, and either p = F or q = F. Then p Aq =F, and so (p Aq) > r = T. Therefore, 
CET md > 5 =F,andso, [[(Aq) >7r] > s] > [@>7r) a ST. 


Finally, assume s =F, p =T, and q =T. Then pAq =T, and so, (pAq) ~r=r. Therefore, 
[(p Aq) > r] > s = ~ar. Also, p > r = r, and so (p > r) > s = ~r. So, we get ar > Ar = T. 


Notes: (1) The dedicated reader should display this reasoning visually, as was done in Problem 9 above. 
A full truth table can also be constructed to solve this problem. 


(2) This problem says that the statement [i Aq)->r|-> s] > [(p > r) > s] isa tautology (see Note 
3 after Problem 9). 
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Problem Set 2 


LEVEL 1 


1. Determine whether each of the following statements is true or false: (i) 2 € {2}; (ii) 5 E Ø; 
(iii) Ø € {1,2}; Gv) a € fb, {a}}; (v) Ø S {1,2}; (vi) {A} S {5, A}; (vii) {a,b,c} S {a, b, c}; 
(viii) {1, a, {2, b}} S {1, a, 2, b} 
Solutions: 
(i) {2} has exactly 1 element, namely 2. So, 2 € {2} is true. 
(ii) | The empty set has no elements. In particular, 5 ¢ Ø. So 5 € Ø is false. 
(iii) {1,2} has 2 elements, namely 1 and 2. Since Ø is not one of these, Ø € {1, 2} is false. 
(iv) {b, {a}} has 2 elements, namely b and {a}. Since a is not one of these, a E {b, {a}} is false. 
(v) The empty set is a subset of every set. So, Ø € {1, 2} is true. 
(vi) The only element of {A} is A. Since A is also an element of {6, A}, {A} © {6, A} is true. 
(vii) Every set is a subset of itself. So, {a, b,c} © {a, b, c} is true. 
(viii) {2,b} € {1,a, {2, b}}, but {2, b} € {1, a, 2, b}. So, {1, a, {2, b}} £ {1, a, 2, b} is false. 
2. Determine the cardinality of each of the following sets: (i) {a,b,c,d,e, f}; (ii) {1, 2, 3, 2,1}; 
(iii) {1, 2, ..., 53}; (iv) {5, 6, 7, ..., 2076, 2077} 
Solutions: 
(i)  |{a,b,c,d,e, f}| = 6. 
(ii) {1,2,3,2,1} = {1, 2, 3}. Therefore, |{1, 2, 3, 2, 1}] = I{1, 2, 3}| = 3. 
(itt) Ki 2c 53}|= 53, 
(iv) |{5,6, 7, .., 2076, 2077}] = 2077 -5 + 1 = 2073. 


Note: For number (iv), we used the fence-post formula (see Notes 3 and 4 after Example 2.6). 
3. Let A = {a,b, A, ô} and B = {b,c,6,y}. Determine each of the following: (i) A U B; (ii) A N B 


Solutions: 
(i) AUB = {a,b,c,A,6,y}. 
(ii) ANB = {b,6}. 


LEVEL 2 


4. Determine whether each of the following statements is true or false: (i) Ø € Ø; (ii) Ø E {Ø}; 
(iii) {Ø} E Ø; Gv) {Ø} E {Ø}; (v) Ø E Ø; (vi) Ø E {Ø}; (vii) {Ø} S Ø; (viii) {Ø} = {9} 
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Solutions: 
(i) | The empty set has no elements. So, x € Ø is false for any x. In particular, Ø € Ø is false. 
(ii) | The set {Ø} has exactly 1 element, namely Ø. So, Ø E€ {Ø} is true. 
(iii) The empty set has no elements. So, x € Ø is false for any x. In particular, {Ø} € Ø is false. 
(iv) The set {Ø} has 1 element, namely Ø. Since {Ø} + Ø, {Ø} € {Ø} is false. 


(v) The empty set is a subset of every set. So, Ø € X is true for any X. In particular, Ø € Ø is true. 
(This can also be done by using the fact that every set is a subset of itself.) 


(vi) Again, (as in (v)), Ø © X is true for any X. In particular, Ø © {Ø} is true. 
(vii) The only subset of Ø is Ø. So, {Ø} © Ø is false. 
(viii) Every set is a subset of itself. So, {Ø} © {Ø} is true. 
5. Determine the cardinality of each of the following sets: (i) {@, {1, 2, 3}; (ii) {{{o. oxy} 
Gii) (£1.23, 0, (03, {0,(0, 1, 2}: Gv) fØ, (03, {C03}, (0, (03, {C0} 
Solutions: 
(i) | The elements of {®, 142, 3} are Ø and {1, 2, 3}. So, we see that {9, (1,2; 3}}| = 2. 
(ii) The only element of ffo, {0} is {{0, o) So, fto, w) =i 
(iii) The elements of {{1,2}, Ø, {9}, {9, {@, 1, 23}} are {1,2}, Ø, {Ø}, and {®, {@, 1, 2}}. So, we see 
that |{{1,2}, Ø, {0}, {0, {0, 1, 2}}}] = 4. 
(iv) The elements of {0,(0}, HoR, fø, {Ø}, oX} are Ø, {Ø}, {{Ø}}, and fø, {Ø} (O So, we 
see that |fØ, 10), {(03}, {0, (03, KON] = 4 
6. Let P = {Ø, {Ø}} and B = {{0}, {9, o} Determine each of the following: (i) A U B; (ii) A N B 
Solutions: 
() AUB ={0,{0},{0, (I. 
(ii) ANB = {{o}}. 
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LEVEL 3 


7. How many subsets does {a, b, c, d} have? Draw a tree diagram for the subsets of {a, b,c, d}. 


Solution: |{a, b, c, d}| = 4. Therefore, {a, b, c, d} has 2* = 16 subsets. We can also say that the size of 
the power set of {a,b,c,d} is 16, that is, |P Qa, b,c, d})| = 16. Here is a tree diagram. 


{a,b,c,d} 


{a,b,c}_ {a,b,d}_ {a,c,d} {b,c,d} 
P 
{a,b} {a,c}_ {a,d} {b,c} _ {b,d} ~{c, d} 


Bie, ee 
Ø 
8. A set A is transitive if Vx(x E A > x € A) (in words, every element of A is also a subset of A). 
Determine if each of the following sets are transitive: (i) Ø; (ii) {Ø}; (iii) HØR; (iv) fø, {Ø}, {{o3}} 
Solutions: 


(i) | Since Ø has no elements, Ø is transitive. (x E€ Ø —> x C Ø is vacuously true because x E Ø is 
false). 


(ii) | The only element of {Ø} is Ø, and Ø c {Ø} (the empty set is a subset of every set). So, {Ø} is 
transitive. 


(iii) {Ø} € {{O}}, but {Ø} £ {{Ø}} because Ø € {Ø}, but Ø ¢ {{Ø}}. So, {{Ø}} is not transitive. 

(iv) fø, {Ø}, {{03}} has 3 elements, namely Ø, {Ø}, and {{O}}. Let’s check each one. @ is a subset 
of every set. So, Ø © fø, {Ø}, O The only element of {Ø} is Ø, and Ø € fø, {Ø}, (O So, 
{Ø} E {0,10 {{o}}}. The only element of {{0}} is {Ø}, and {Ø} € {0, {0}, O So, 
{{0}} = {, 103, {{0}}. It follows that fØ, {0}, {{0}}} is transitive. 


LEVEL 4 


9. A relation R is reflexive if Vx(xRx) and symmetric if VxVy(xRy > yRx). Show that & is 
reflexive, but € is not. Then decide if each of € and € is symmetric. 


Solutions: (C is reflexive) Let A be a set. By Theorem 2.1, A is a subset of itself. So, A © A is true. Since 
A was arbitrary, Vx(A € A) is true. Therefore, & is reflexive. Oo 


(E is not reflexive) Since the empty set has no elements, Ø ¢ Ø. This counterexample shows that E is 
not reflexive. 


(S is not symmetric) {1} © {1,2}, but {1,2} £ {1}. This counterexample shows that © is not 
symmetric. 
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(E is not symmetric) Ø E {Ø}, but {Ø} ¢ Ø. This counterexample shows that E is not symmetric. 


Note: A conjecture is an educated guess. In math, conjectures are made all the time based upon 
evidence from examples (but examples alone cannot be used to prove a conjecture). A logical argument 
is usually needed to prove a conjecture, whereas a single counterexample is used to disprove a 
conjecture. For example, Ø ¢ Ø is a counterexample to the conjecture “E is reflexive.” 


10. Let A, B, C, D, and E be sets such that A © B, B © C, C © D, and D & E. Prove that A € E. 


Proof: Suppose that A, B, C, D, and E are sets such that A E B, BCC, C © D, and D CE. Since 
A S&S B and B E&E C, by Theorem 2.3, we have A € C. Since A © C and C C D, again by Theorem 2.3, we 
have A & D. Finally, since A © D and D & E, once again by Theorem 2.3, we have A GE E. oO 


11. Let A and B be sets. Prove that AN B & A. 


Proof: Suppose that A and B are sets, and let x E€ AN B. Then x E A and x E B. In particular, x E A. 
Since x was an arbitrary element of A, we have shown that every element of A N B is an element of A. 
That is, Vx(x € ANB > x E A) is true. Therefore, AN BC A. o 


LEVEL 5 


12. Let P(x) be the property x ¢ x. Prove that {x|P(x)} cannot be a set. 


Solution: Suppose toward contradiction that A = {x |x ¢ x} is a set. Then A E A if and only if A ¢ A. 
So, p e ~p is true, where p is the statement A E A. However, p e ap is always false. This is a 
contradiction. So, A is not a set. o 


Notes: (1) This is our first proof by contradiction. A proof by contradiction works as follows: 
1. We assume the negation of what we are trying to prove. 
2. We use a logically sound argument to derive a statement which is false. 


3. Since the argument is logically sound, the only possible error is our original assumption. 
Therefore, the negation of our original assumption must be true. 


In this problem we are trying to prove that A = {x | x € x} is nota set. The negation of this statement 
is that A = {x | x ¢ x} is a set. We then use only the definition of A to get the false statement 
AEA —A EA. Since the argument was logically valid, our initial assumption must have been 
incorrect, and therefore A is not a set. 


(2) The contradiction that occurs here is known as Russell’s Paradox. This contradiction shows that we 
need to be careful about how we define a set. A naive definition would be that a set is any object that 
has the form {x|P(x)}, where P(x) is an arbitrary property (by property, we mean a first-order 
property—this is a property defined using the connectives A, V, >, and ©, the quantifiers V and 4, and 
the relations = and €). As we see in this problem, that “definition” of a set leads to a contradiction. 
Instead, we call {x|P(x)} a class. Every set is a class, but not every class is a set. A class that is not a set 
is called a proper class. For example, {x|x ¢ x} is a proper class. 


13. Prove that B € A if and only if AN B = B. 
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Proof: Suppose that B C A. By Problem 11, ANB CB. Let x E B. Since B GC A, we have x EA. 
Therefore, x E A and x E B. So, x E AN B. Since x was an arbitrary element of B, we have shown that 
every element of B is an element of A N B. That is, Vx(x E€ B > x E€ ANB). Therefore, B E ANB. 
Since AN B © B and B E A N B, it follows that AN B =B. 


Now, suppose that A N B = B and let x € B. Then x E€ ANB. So, x E A and x E B. In particular, 
x E A. Since x was an arbitrary element of B, we have shown that every element of B is an element of 
A. That is, Vx(x € B > x E A). Therefore, B & A. Oo 


14. Let A = {a,b,c,d}, B = {X |X CANd ¢ X}, and C = {X | X © A Ad E X}. Show that there is 
a natural one-to-one correspondence between the elements of B and the elements of C. Then 
generalize this result to a set with n + 1 elements for n > 0. 


Solution: We define the one-to-one correspondence as follows: If Y € B, then Y is a subset of A that 
does not contain d. Let Y4 be the set that contains the same elements as Y, but with d thrown in. Then 
the correspondence Y > Yj, is a one-to-one correspondence. We can see this correspondence in the 
table below. 


Elements of B Elements of C 
Ø {d} 
{a} {a, d} 
{b} {b, d} 


{c} {c,d} 
{a, b} {a,b, d} 
{a,c} {a,c,d} 
{b,c} {b,c,d} 

{a,b,c} {a,b,c,d} 


For the general result, we start with a set A with n + 1 elements, and we let d be some element from 
A. Define B and C the same way as before: B = {X |X GC AAd € X}, andC = {X |X CAA E X}. 
Also, as before, if Y € B, then Y is a subset of A that does not contain d. Let Yg be the set that contains 
the same elements as Y, but with d thrown in. Then the correspondence Y > Y4 is a one-to-one 
correspondence. 


Notes: (1) B consists of the subsets of A that do not contain the element d, while C consists of the 
subsets of A that do contain d. 


(2) Observe that in the case where A = {a,b,c,d}, B and C each have 8 = 2? elements. Also, there is 
no overlap between B and C (they have no elements in common). So, we have a total of 8 + 8 = 16 
elements. Since there are exactly 2* = 16 subsets of A, we see that we have listed every subset of A. 


(3) We could also do the computation in Note 2 as follows: 2? + 2? = 2-2? = 21-23 = 2173 = 24, 
It’s nice to see the computation this way because it mimics the computation we will do in the more 
general case. In case your algebra skills are not that strong, here is an explanation of each step: 
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Adding the same thing to itself is equivalent to multiplying that thing by 2. For example, 1 apple plus 1 
apple is 2 apples. Similarly, 1x + 1x = 2x. This could be written more briefly as x + x = 2x. Replacing 
x by 23 gives us 2? + 2° = 2 - 23 (the first equality in the computation above). 


Next, by definition, xt = x. So, 24 = 2. Therefore, we can rewrite 2 - 2° as 2! - 23. 


Now, 2° means to multiply 2 by itself 3 times. So, 2? = 2-2-2. Thus, 21 - 23 = 2 - 2 - 2 - 2 = 2*. This 
leads to the rule of exponents which says that if you multiply two expressions with the same base, you 
can add the exponents. So, 21 - 23 = 21*3 = 24, 


(4) In the more general case, B and C each have 2” elements. The reason for this is that A hasn + 1 
elements. When we remove the element d from A, the resulting set has n elements, and therefore, 2” 
subsets. B consists of precisely the subsets of this new set (A with d removed), and so, B has exactly 
2” elements. The one-to-one correspondence Y —> Y4 shows that C has the same number of elements 
as B. Therefore, C also has 2” elements. 


(5) In the general case, there is still no overlap between B and C. It follows that the total number of 
elements when we combine B and C is 2” + 2” = 2-2" = 21-2" = 21+" = 2"*1 See Note 3 above 
for an explanation as to how all this algebra works. 


(6) By a one-to-one correspondence between the elements of B and the elements of C, we mean a 
pairing where we match each element of B with exactly one element of C so that each element of C is 
matched with exactly one element of B. The table given in the solution above provides a nice example 
of such a pairing. 


(7) In the case where A = {a,b,c,d}, B consists of all the subsets of {a,b,c}. In other words, 
B = {X |X E {a,b,c} = P ({a,b, c}). 


A description of C is a bit more complicated. It consists of the subsets of {a, b,c} with d thrown into 
them. We could write this as C = {x U {d} | X € {a,b, c}. 


(5) In the general case, we can write K = A \ {d} (this is the set consisting of all the elements of A, 
except d). We then have B = {X | X © K} = P(K) and C = {X U {d} | X © K} = P(A) \P(K). 


(6) The symbol “\” for set difference will be defined formally in Lesson 6. 
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Problem Set 3 


LEVEL 1 


1. For each of the following multiplication tables defined on the set S = {a,b}, determine if each 
of the following is true or false: (i) * defines a binary operation on S. (ii) * is commutative in S. 
(iii) a is an identity with respect to x. (iv) b is an identity with respect to x. 


a | a b TE | a b ar | a b Ie | a b 

a a a a a b a a b a a a 

b a a b c a b b a b b b 
Solutions: 


(i) For tables I, HI, and IV, * does define a binary operation because only a and b appear inside 
each of these tables. For table II, x does not define a binary operation because an element 
different from a and b appears in the table (assuming that c + a and c Æ b). 


(ii) | For commutativity, since there are just two elements a and b, we need only check if a and b 
commute (a x b = b x a). This is very easy to see just by looking at the tables. We simply 
check if the entries on opposite sides of the main diagonal are the same. 


* | a b * | a b * | a b * | a b 
[Se 1; ee i ere i toe 
Yes No Yes No 


We see that for tables I and III, * is commutative for S, whereas for tables II and IV, x is not 
commutative for S. 


(iii) To see if a is an identity with respect to x, we need to check if a xa =a, axb = b, and 
b x a = b. This is also very easy to see just by looking at the tables. We simply check if the 
row corresponding to a is the same as the “input row,” and if the column corresponding to a 
is the same as the “input column.” 


* | a b * | a b * | a b * | a b 

a a a a a b a a b a | a a 

b a a b c a b b a b b b 
No Maybe Maybe No 


We see that for tables I and IV, the row corresponding to a is not the same as the “input 
row.” So, for I and IV, a is not an identity with respect to x. 


We still need to check the columns for tables II and III 


* a b * a b 

a a b a a b 

b 6 a b b a 
No Yes 


ZZ 


We see that for table II, the column corresponding to a is not the same as the “input column.” 
So, for II, a is not an identity with respect to x. 


For table III, a is an identity with respect to x. 


(iv) To see if b is an identity with respect to x, we need to check if ax b =a, bx a =a, and 
b x b = b. Again, this is very easy to see just by looking at the tables. In this case, we see that 
for each table, the row corresponding to b is not the same as the “input row.” 


a a a a a b a a b a a a 
b b b EA b 
No No No No 


So, b is not an identity with respect to x in all four cases. 


Notes: (1) Table I defines a semigroup (S,*). To see that * is associative in S, just observe that all the 
outputs are the same. Therefore, there cannot be a counterexample to associativity. For example, 
(axb)xb=axb=aanda>*(bxb)=axa=a. 


(2) Table I does not define a monoid. Parts (iii) and (iv) showed us that there is no identity with respect 
to x. 


(3) Table II defines a commutative group (S,*) with identity a. a and b are each their own inverses 
because axa =a and b x b = a (remember that a is the identity). With your current knowledge, 
associativity can be checked by brute force. There are six equations that need to be verified. For 
example, (a*a)*b=axb=bandax(ax*xb)=axb=b.So, (axa)*b=ax (ax b). See the 
solution to Problem 2 below for details. 


(4) Table IV defines a semigroup (5,*) known as the left zero semigroup. The name of this semigroup 
comes from the fact that a xa =a and ax b = a, so that a is behaving just like 0 behaves when 
multiplying on the left (0 times anything equals 0). Notice that b xa = b + a, so that a does not 
behave like 0 when multiplying on the right. Similar computations show that b also behaves like 0 from 
the left. The dedicated reader may want to check associativity by brute force, as described in Note 3. 


(5) Table IV does not define a monoid. Parts (iii) and (iv) showed us that there is no identity with respect 
to x. 


2. Show that there are exactly two monoids on the set S = {e, a}, where e is the identity. Which of 
these monoids are groups? Which of these monoids are commutative? 


Solution: Let’s let e be the identity. Since e * x = x x e = x for all x in the monoid, we can easily fill 
out the first row and the first column of the table. 
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Now, the entry labeled with L] must be either e or a because we need x to be a binary operation on 
5: 


Case 1: If we let [-] be a, we get the following table. 


x | e a 
e e a 
a a a 


Associativity holds because any computation of the form (x * y) x z or x x (y x z) will result in a if any 
of x, y, or z is a. So, all that is left to check is that (e x e) x e = e x (e x e). But each side of that 
equation is equal to e. 


So, with this multiplication table, (S,x) is a monoid. 
This monoid is not a group because a has no inverse. Indeed,axe =a +eandaxa=a#+£e. 
This monoid is commutative because a xe = aande xa =a. 


Case 2: If we let [] be e, we get the following table. 


x | e a 
e e a 
a a e 


Let’s check that associativity holds. There are six instances to check. 


(exe)xa=exa=a ex(exa)=exa=a 
(exa)xe=axe=a ex(axe)=exa=a 
(axe)xe=axe=a ax(exe)=axe=a 
(exa)xa=axa=e ex(axa)=exe=e 
(ake) kasaxasė ak(eka)=zakžkase 
(axa)xe=exe=e ax(axe)=axa=e 


So, with this multiplication table, (S,x) is a monoid. 


Since e * e = e, e is its own inverse. Since a * a = e, a is also its own inverse. Therefore, each element 
of this monoid is invertible. It follows that this monoid is a group. 


This monoid is commutative becausea xe =aandexa=a. 


LEVEL 2 


3. Let G = {e,a, b} and let (G,*) be a group with identity element e. Draw a multiplication table 
for (G,*). 


Solution: Since e x x = x x e = x for all x in the group, we can easily fill out the first row and the first 
column of the table. 
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* | e a b 
e e a b 
a a o 

b b 


Now, the entry labeled with E] must be either e or b because a is already in that row. If it were e, then 
the final entry in the row would be b giving two b’s in the last column. Therefore, the entry labeled 
with E] must be b. 


x | e a b 
e e a b 
a a b 

b b 


Since the same element cannot be repeated in any row or column, the rest of the table is now 
determined. 


SQ M/+ 
SQ olin 
SAIA 
ane 


e a 


Notes: (1) Why can’t the same element appear twice in any row? Well if x appeared twice in the row 
corresponding to y, that would mean that there are elements z and w with z + w such that y * z = x 
and y * w = x. So, y * Z = y * w. We can multiply each side of the equation on the left by y~+ (the 
inverse of y) to get y+ * (y x zZ) = y7! x (y xw). By associativity, (y7! * y) » z = (yt x y) xw. 
Now, y7t x y = e by the inverse property. So, we have e x z = e x w. Finally, since e is an identity, 
Z = w. This contradiction establishes that no element x can appear twice in the same row of a group 
multiplication table. 


A similar argument can be used to show that the same element cannot appear twice in any column. 


(2) The argument given in Note 1 used all the group properties (associativity, identity, and inverse). 
What if we remove one of the properties. For example, what about the multiplication table for a 
monoid? Can an element appear twice in a row or column? I leave this as an optional exercise. 


(3) In Note 1 above, we showed that in the multiplication table for a group, the same element cannot 
appear as the output more than once in any row or column. We can also show that every element must 
appear in every row and column. Let’s show that the element y must appear in the row corresponding 
to x. We are looking for an element z such that x * z = y. Well, z = x71! x y works. Indeed, we have 


xx (xt xy)= (xxx) *xy=exy=y. 


(4) Using Notes 1 and 3, we see that each element of a group appears exactly once in every row and 
column of the group’s multiplication table. 


(5) We have shown that there is essentially just one group of size 3, namely the one given by the table 
that we produced. Any other group with 3 elements will look exactly like this one, except for possibly 
the names of the elements. In technical terms, we say that any two groups of order 3 are isomorphic. 


25 


(6) Observe that in the table we produced, b = a x a. We will generally abbreviate a x a as a’. So, 
another way to draw the table is as follows: 


N 


az 
a2 
e 


a O/* 
a ajo 


a 
a 
a 
e a 

This group is the cyclic group of order 3. We call it cyclic because the group consists of all powers of 


the single element a (the elements are a, a”, and a? = a? = e). The order is the number of elements 
in the group. 


4. Prove that in any monoid (M,*), the identity element is unique. 


Proof: Let (M,*) be a monoid, and suppose that e and f are both identity elements in M. Then, we 
have f = e x f =e. Since we have shown f and e to be equal, there is only one identity element. o 


Notes: (1) The word “unique” means that there is only one. In mathematics, we often show that an 
object is unique by starting with two such objects and then arguing that they must actually be the same. 
Notice that in the proof above, when we said that e and f are both identity elements, we never insisted 
that they be distinct identity elements. And in fact, the end of the argument shows that they are not 
distinct. 


(2) e x f = f because e is an identity element and e x f = e because f is an identity element. 


LEVEL 3 


5. Assume that a group (G,x) of order 4 exists with G = {e,a,b,c}, where e is the identity, 
a? = band b? = e. Construct the table for the operation of such a group. 


Solution: Since e * x = x x e = x forall x in the group, we can easily fill out the first row and the first 
column of the table. 


* e a b a 
e e a b C 
a a 

b b 

Cc c 

We now add in a x a = a? = b and b x b = b? =e. 

* e a b ğ 
e e a b C 
a a b O 

b b e 

Cc Cc 
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Now, the entry labeled with L] cannot be a or b because a and b appear in that row. It also cannot be 
e because e appears in that column. Therefore, the entry labeled with L] must be c. It follows that the 
entry to the right of [L] must be e, and the entry at the bottom of the column must be a. 


* e a b € 
e e a b € 
a a b Cc 
b b © e 
Cc £ a 


Now, the entry labeled with © cannot be b or e because b and e appear in that row. It also cannot be 
a because a appears in that column. Therefore, the entry labeled with © must be c. The rest of the 
table is then determined. 


SOQ ao] 
Saano 
ana DAJ 
ana Gy 
Sanaa 


c c a 


Note: Observe that in the table we produced, b = a xa = a? and c = b xa = a? xa = aè. So, 
another way to draw the table is as follows: 


* e a a? a? 

e e a a? a? 

a a a? a? e 

a? a? a? e a 

aè aè e a a? 
This group is the cyclic group of order 4. 


6. Prove that in any group (G,*), each element has a unique inverse. 


Proof: Let a E G and suppose that b, c € G are both inverses of a. We will show that b and c must be 
the same. We have c = cxe =cx(axb)=(cxa)xb= exb=b. o 


Notes: (1) c = c x e because e is an identity element. 

(2) e = ax b because b is an inverse of a. So, c x e = c x (a x b). 
(3) c x (ax b) = (c x a) x b by associativity of x. 

(4) c * a = e because c is an inverse of a. So, (c xa)» b =e xb. 


(5) e x b = b because e is an identity element. 
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LEVEL 4 


7. Let (G,*) be a group with a, b E G, and let a~* and b™* be the inverses of a and b, respectively. 
Prove (i) (a x b)™t = b™1 x a7}; (ii) the inverse of a~+ is a. 


Proof of (i): Let a, b E G. Then we have 

(axb) (brat) Sasha ea) Heese en") S64 re) =ar se 
and 

(b-t x a71) x (a * b) = b~t sla x (ax b)) = b71 ee ' xa) x b) Hb x (e x b) = b™t xb = e. 
Solar br = (b sa") o 
Notes: (1) For the first and second equalities we used the associativity of x in G. 
(2) For the third equality, we used the inverse property of x in G. 
(3) For the fourth equality, we used the identity property of x in G. 
(4) For the last equality, we again used the inverse property of x in G. 


(5) Since multiplying a x b on either side by b71 x a“? results in the identity element e, it follows that 
b~1 x a™t is the inverse of a x b. 


(6) In a group, to verify that an element h is the inverse of an element g, it suffices to show that 
g*xh=eorhxg =e. In other words, we can prove that g x h = e > hx g =e and we can prove 
thath* g=er>7gxh=e. 


For a proof that g xh =e > hx g =e, suppose that g xh =e and k is the inverse of g. Then 
g*k=kxg=e.Sinceg*h=eandg*xk =e, we have g * h = g x k. By multiplying by g~* on 
each side of this equation, and using associativity, the inverse property, and the identity property, we 
get h = k. So, h is in fact the inverse of g. 


Proving that h x g =e > g x h = e is similar. Thus, in the solution above, we need only show one of 
the sequences of equalities given. The second one follows for free. 


Proof of (ii): Leta € G. Since a™! is the inverse of a, we have a x a"! = a"! x a = e. But this sequence 


of equations also says that a is the inverse of a™t. oO 


8. Let (G,*) be a group such that a? = e for all a E G. Prove that (G,x) is commutative. 


Proof: Leta, b E€ G. Then (a x a) x (b x b) = a? x b? =e x e =e = (ab)? = (a x b) x (a x b). So, we 
have (a x a) x (b x b) = (a x b) x (a x b). 


We multiply on the left by a~? and on the right by b™t to get 
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atx(axaxb«b)*bt=a1!x(axbxaxb)xb + 
(a **a)eaebx(Oexb“j\=G* *a)*bea* (bed) 
(e x a) * (b x e) = (e x b) x (axe) 
axb=bxa o 


Note: To make the proof less tedious, we have omitted some of the parentheses starting in the fourth 
line. The associativity of * allows us to do this. In general, there are two possible meanings for the 
expression x * y xZ. It could mean (x * y) *z or it could mean x * (y x z). Since both meanings 
produce the same result (by associativity), we can simply write x * y * z without worrying about the 
notation being unclear. 


We have done this several times in the proof above. For example, we wrote a x a x b x b in the fourth 
line. This could have multiple meanings, but all those meanings lead to the same result. 


9. Prove that (Q*, -) is a commutative group. 


Proof: (Closure) Let x, y E Q*. Then there exist a,b,c,d E€ Z* such that x = = and y = A We have 
xy = “ - = > Since Z* is closed under multiplication, ac, bd € Z*. Therefore, xy € Q*. 
(Associativity) Let x, y, z E Q*. Then there exist a, b,c, d,e, f € Z* such that x = A y= and Z = A 
Since multiplication is associative in Z*, we have 


ce ac\e (ac)e a(ce) a/ce ayo e 


a 
e=- aF Gale = Gar nap a) Tala 7) = xO: 


(Identity) Let 1 = E We show that 1 is an identity for (Q*, -). Let x € Q*. Then there exist a,b € Z* 


such that x = = Since 1 is an identity for Z*, we have 


1 al a. Per d 
waa p aee 


la 


a la a 
b 1b b” 
(Inverse) Let x E Q*. Then there exist a,b € Z* such that x = = Let y = 2, Then y E Q* (note that 


a # 0). Since multiplication is commutative in Z*, we have 
ab ab ab 1 


Y= 5 aT ba ab 1 


So, y is the multiplicative inverse of x. 


(Commutativity) Let x, y E Q*. Then there exist a,b,c,d € Z* such that x => and y = = Since 
multiplication is commutative in Z*, we have 
ae ac ca cd 
ae a ae a ee 


So, (Q*, -) is a commutative group. 
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Important note: There is one more issue here. It’s not obvious that the definition of multiplication is 
1 1 I 1 
even well-defined. Suppose that = =% and =Š, We need to check that %.-5=5.£ 


p' d a’ ba b! ` al’ i 
equivalentl ae = oe 
y, bd p'ar 


Since > = = we have ab’ = ba’. Since : = = we have cd’ = dc’. Now, since ab’ = ba’, cd' = dc’, 
and multiplication is commutative and associative in Z, we have 
(ac)(b'd') = (ab' (ed) = (ba )(de") = ad) (a'c) 


ac a'e , 
ba pigras desired. Oo 


Therefore, 


LEVEL 5 


10. Prove that there are exactly two groups of order 4, up to renaming the elements. 
Solution: Let G = {e, a, b, c}. We will run through the possible cases. 


Case 1: Suppose that a” = e. 


Since e x x = x x e = x for all x in the group, we can easily fill out the first row, the first column, and 
one more entry of the table. 


* e a b c 
e e a b ë 
a a e O 

b b B 

a C 


Each of the entries labeled with L] cannot be a, e, or b (Why?), and so they must be c. So, we get the 
following: 


* e a b č 
e e a b Čč 
a a e c b 
b b Cc 

a : b 

Now, if b? = e, the rest of the table is determined: 

x | e a b c 
e e a b Cc 
a a e Cc b 
b b Cc e a 
c tc b a e 


This table gives a group (G,*) called the Klein four group. 


If b? = a, the rest of the table is also determined: 
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A TA | 
A TFQ oO] 
Tao ga{a 
MO e QS | Se 
SA Bt) |S 


This table gives a group (G,x) called the Cyclic group of order 4. 


Observe that we cannot have b? = b or b? = c because b and c already appear in the row (and column) 
corresponding to b. 


G SA |e 
A TFA oO] 
rFTaovoasa 


Case 2: Suppose that a” + e. 


If b? = e or c? = e, then by renaming elements, we get the same groups in Case 1. So, we may assume 
thata # &.b" +e, andc* +e 


So, a, a”, and a? are distinct elements. If a? + e, then a* = e, and so, (a?)? = e. But a? must be equal 
to either b or c. So, b? =eorc? = e, contrary to our assumption. 


It follows that a? = e. So, ax a? = e. Therefore, a and a? are inverses of each other. If a? = b, then 
c must be its own inverse. So, c? = c * c = e, contrary to our assumption. Similarly, if a? = c, then b 
must be its own inverse. So, b? = b x b = e, contrary to our assumption. 


It follows that there are exactly 2 groups of order 4, up to renaming the elements. These 2 groups are 
the Klein four group and the Cyclic group of order 4. oO 


Proof: (Closure) Let x, y E Q. Then there exist a,c € Z and b,d € Z* such that x = > and y = T We 
c= c Since Z is closed under multiplication, ad € Z and bc E Z. Since Z is 


closed under addition, ad + bc € Z. Since Z* is closed under multiplication, bd € Z*. Therefore, 
x+yEQ 


have x+y=5+ 


(Associativity) Let x, y,z E Q. Then there exist a,c,e € Z and b,d, f € Z* such that x = 2 y= = and 
z= 7 Since multiplication and addition are associative in Z, multiplication is (both left and right) 


distributive over addition in Z (see the Note below), and multiplication is associative in Z*, we have 


e ad+bc e (ad+bc)f+(bd)e (CN + (bc)f) + (bd)e 


a Cc 
w4y)t2=(F49) +5 bd ff df (bd) f 
_ a(df) + (b(cf) + b(de)) _a(df)+b(cf+de) a cf+de a fc ey 
= b(df) = b(df) =a ae =5t(Gtg)axt +2. 
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(Identity) Let 0 = 2, We show that 0 is an identity for (Q, +). Let x € Q. Then there exist a € Z and 
b € Z* such that x = = Since 0 is an identity for Z, and0-x = x-0=0forallx € Z, we have 


a 0Ob+1a O+a a 
b 1b b b 


0 a-1+b-0 a+0 a = 0 
i" Bq a Be" 


p1 b + 


x+0=-+ =. 


a 
b 
(Inverse) Let x E Q. Then there exist a E€ Zand b E Z* such that x = Lety = =. Since Z is closed 


under multiplication, - 1a € Z. So, y € Q. Since multiplication is associative and commutative in Z and 
(-1)n = -n for alln € Z, we have 


_@, -la ab+b(-1a) ab+(-1a)b ab+(-1)(ab) ab-ab 0 


tepe ta ike a Sa aa a 
n -la a_(-1a)b+ba _ -1(ab) + ab _ -ab + ab C 
t= a eee TO b p 


So, y is the additive inverse of x. 


(Commutativity) Let x, y E Q. Then there exist a,c € Z and b, d € Z* such that x = = and y= Since 
multiplication and addition are commutative in Z, and multiplication is commutative in Z*, we have 


a.c _ ad + be _ bc + ad _cbh+da _ c a 


So, (Q, +) is a commutative group. o 


Notes: (1) Multiplication is distributive over addition in Z. That is, for all x, y,z € Z, we have 


x-(ytz)=x-ytx-z and (y+tz)-x=y-x+2z-x 


The first equation is called the left distributive property and the second equation is called the right 
distributive property. Since multiplication is commutative in Z, right distributivity follows from left 
distributivity (and vice versa), and we can simply call either of the two properties the distributive 
property. 


For example, if we let x = 2, y = 3, andz = 4, we have 
The picture to the right gives a physical representation of the distributive 3 4 


property for this example. Note that the area of the light grey rectangle is 2 - 3, the area of the dark 
grey rectangle is 2 - 4, and the area of the whole rectangle is 2(3 + 4). 


When verifying associativity above, we used right distributivity for the fourth equality and left 
distributivity for the sixth equality. Distributivity will be discussed in more detail in Lesson 4. 


(2) As we did for multiplication in Problem 9 above, we need to check that the gis of addition is 
1 1 
well-defined. Suppose that A = a and < = aE We need to check that + S= =— Se qn OF equivalently, 
ad+bc _ a'd'+b'c' 
bà — bda ' 
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Since = 3 we have ab' = ba'. Since < = 2 we have cd’ = dc’. Now, since ab’ = ba’, cd' = dc’, 
multiplication is commutative and associative in Z, and multiplication is distributive over addition in Z, 
we have 
(ad + bc)(b’d') = adb'd' + bcb'd' = ab'dd' + cd’bb' = ba'dd' + dc'bb’ 
= bda'd' + bdb'c' = (bd)(a'd' + b'c’). 
ad+bc _ a'd'+b'c' 


Therefore, a pa S desired. o 


12. Let S = {a, b}, where a + b. How many binary operations are there on S? How many semigroups 
are there of the form (S,*), up to renaming the elements? 


Solution: The number of binary operations is 2* = 16. Let’s draw all possible multiplication tables for 
(S,*), where *: S x S > S is a binary operation. 


* a b * a b * a b * a b 
a a a a b a a a b a a a 
b a a b a a b a a b b a 
* a b x b * a b R a 

a a a a b a b a a a 
b a b b a a b a b a 

* a b * b * b * a b 
a a b a a b a a a b b 
b b a b a b b b b b b a 
* a b * a b * a * b 
a b b a b a a a b a b b 
b a b b b b b b b b 


Of the 16 binary operations, 8 give rise to semigroups. However, 3 of these are essentially the same as 
3 of the others. The 5 circled multiplication tables represent the 5 semigroups of order 2. The 3 tables 
in rectangles that are crossed out also represent semigroups. However, if you interchange the roles of 
a and b you'll see that they are the same as 3 of the others with the names changed (arrows are present 
to indicate the tables that are essentially the same as these). The other 8 tables represent operations 
that are not associative (the reader should find a counterexample to associativity for each of these). | 
leave it to the reader to verify that the 5 circled multiplication tables represent semigroups. 


Note: A magma is a pair (M,*), where M is a set and x is a binary operation on M (and no other 
conditions). In the solution above we showed that there are 16 magmas of the form ({a, b},x), and of 
these, 8 are semigroups. However, there are only 5 semigroups up to renaming the elements. Of the 
16 magmas, there are only 10 up to renaming the elements. See if you can find the duplicates. 
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Problem Set 4 


LEVEL 1 


1. The addition and multiplication tables below are defined on the set S = {0,1}. Show that 
(S, +, -) does not define a ring. 


+ | 0 1 e |l @ 1 
0 0 1 0 1 0 
1 1 0 1 0 1 


Solution: We have 0(1 +1) =0-0=1and0-1+0-1=0+0=0. So, 0(1+1) #0-1+0-1. 
Therefore, multiplication is not distributive over addition in S, and so, (S, +, -) does not define a ring. 


Notes: (1) Both multiplication tables given are the same, except that we interchanged the roles of 0 
and 1 (in technical terms, (S, +) and (S, -) are isomorphic). 


Both tables represent the unique table for a group with 2 elements. See Problem 2 from Lesson 3 for 
details. 


(2) Since (S, +) is a commutative group and (S, -) is a monoid (in fact, it’s a commutative group), we 
know that the only possible way (S, +, -) can fail to be a ring is for distributivity to fail. 


2. Let S = {0,1} and define addition (+) and multiplication (-) so that (S,+, -) is a ring. Assume 
that 0 is the additive identity in S and 1 is the multiplicative identity in S. Draw the tables for 
addition and multiplication and verify that with these tables, (S, +, -) is a ring. 


Solution: Since (S, +) is a commutative group, by Problem 2 in Lesson 3, the addition table must be 
the following. 


Since (S, -) is a monoid and 1 is the multiplicative identity, again by Problem 2 in Lesson 3, the 
multiplication table must be one of the following. 


| 0 Í - | 0 1 
0 | Í 0 0 | 0 0 
1 0 1 1 0 1 


However, we showed in Problem 1 that if we use the table on the left, then (S, +, -) will not define a 
ring. 


So, the addition and multiplication tables must be as follows: 
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+ | 0 1 - | 0 1 
0 0 1 0 0 0 
1 1 0 1 0 1 


Since we already know that (S, +) is a commutative group and (S, -) isa monoid, all we need to verify 
is that distributivity holds. Since - is commutative for S (by Problem 2 in Lesson 3), it suffices to verify 
left distributivity. We will do this by brute force. There are eight instances to check. 


0(0+0)=0-0=0 0:0+0-0=0+0=0 


00+ 1)=0-1l=0 0-0+0-1=0+0=0 

0(11+ 0) =0-1=0 0-1+0-0=0+0=0 

0(11+1) =0-0=0 0-1+0-1=0+0=0 

1(0+0) =1-0=0 1:-0+1-0=0+0=0 

1(0+1)=1.-1=1 1-0+1-1=0+1=1 

1(1+0)=1.-1=1 1-14+1-0=1+0=1 

1(1+1)=1-0=0 1:14+1°:1=1+1=0 
So, we see that left distributivity holds, and therefore (S, +, -) is a ring. Oo 
LEVEL 2 


3. Use the Principle of Mathematical Induction to prove the following: (i) 2” > n for all natural 
numbers n = 1. (ii) O+14+2+--4+n= smn for all natural numbers. (iii) n! > 2” for all 


natural numbers n > 4 (where n! = 1 - 2 -+ n for all natural numbers n > 1). (iv) 2” > n? forall 
natural numbers n = 4. 
Proofs: 
(i) Base Case (k =1):21=2>1. 
Inductive Step: Let k € N with k > 1 and assume that 2¥ > k. Then we have 
Pea 21 =2¥.2>k-2=2k=k+k2k+1. 
Therefore, 2°** >k +1. 


By the Principle of Mathematical Induction, 2” > n for all natural numbers n > 1. m 
(ii) Base Case (k = 0): 0 = “22 
. k(k+1) 
Inductive Step: Let k E N and assume that 0+1 +42+.--+k= = Then we have 
k(k +1) k k 2 
OF1+ 244k + (K+ 1) =H k+) =(k+(5+1)=&+D(5+5) 
k+2\ (k+1)(kK+2) (k+D((K+1) +1) 
2 2 2 
By the Principle of Mathematical Induction, 0+ 1+2 +- +n= aiia for all natural numbers n. O 
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(iii) Base Case (k = 4):41=1-2-3-4=24>16=2'. 
Inductive Step: Let k € N with k > 4 and assume that k! > 2”. Then we have 

(kite (hele > (k+ 2 eA ei Sab: 2 S22 = 7 tare 
Therefore, (k + 1)! > 2**1. 


By the Principle of Mathematical Induction, n! > 2” for all natural numbers n => 4. o 
(iv) Base Case (k = 4): 2* = 16 = 47. So, 2* > 4°. 
Inductive Step: Let k € N with k > 4 and assume that 2* > k?. Then we have 
a a a =k? +k’. 
By Example 4.6, k? > 2k + 1. So, we have 2**1 > k? + 2k + 1 = (k + 1}?. 
Therefore, 2%+1 > (k + 1)?. 
By the Principle of Mathematical Induction, 2” > n? forall n € N with n > 4. o 


Note: Let’s take one last look at number (iv). 2° = 1 > 0 = 07. So, the statement in (iv) is true for 
k = 0. Also, 2! = 2 > 1 = 1? and 2? = 4 = 27, So, the statement is true for k = 1 and k= 2. 
However, 2? = 8 and 3? = 9. So, the statement is false for k = 3. It follows that 2” > n? for all natural 
numbers n exceptn = 3. 


4. Show that the sum of three integers that are divisible by 5 is divisible by 5. 


Proof: Let m, n, and q be integers that are divisible by 5. Then there are integers j, k, and r such that 
m=5j, n=5k, and q=5r. So, m+n+q=5j7+5k+5r=59G+k)+5r=5¢+k+r) 
because multiplication is distributive over addition in Z. Since Z is closed under addition, we have 
j+k+r€Z. Therefore, m +n + q is divisible by 5. Oo 


Note: At this point, as in Problem 8 from Lesson 3 and Example 4.6, we are being more relaxed in our 
use of associativity. The expression m + n + q makes sense here because addition is associative in Z. 
In general, m +n + q could mean (m +n) +q orm + (n+ q). By associativity, both expressions are 
equal, and we can leave the parentheses out without causing confusion. 


LEVEL 3 


5. Prove that if a, b,c E€ Z with a|b and b|c, then alc. 


Proof: Let a, b, c € Z with a|b and b|c. Since ab, there is j € Z such that b = aj. Since b|c, there is 
k E€ Z such that c = bk. It follows that c = bk = (aj)k = a(jk) because multiplication is associative 
in Z. Since j,k € Z and Z is closed under multiplication, jk € Z. Therefore, alc. Oo 


6. Prove that n? — n is divisible by 3 for all natural numbers n. 
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Proof by Mathematical induction: 
Base Case (k = 0): 0? — 0 = 0 = 3-0. So, 0? — O is divisible by 3. 


Inductive Step: Let k € N and assume that k? — k is divisible by 3. Then k? — k = 3b for some integer 
b. Now, 


(k+1)?-(kK4+) =(kK4+D[K4+1?-Y=(kK+D[kK+ DK4+1)-1 
= (k + 1)(k? + 2k + 1 — 1) = (k + 1)(k? + 2k) = k? + 2k? + k? + 2k = k? + 3k? + 2k 
= k? — k + k + 3k? + 2k = (k? — k) + 3k? + 3k = 3b + 3(k? + k) = 3(b + k? +k). 
Here we used the fact that (Z, +, -) is a ring. Since Z is closed under addition and multiplication, 
b + k? + k € Z. Therefore, (k + 1)? — (k + 1) is divisible by 3. 


By the Principle of Mathematical Induction, n? — n is divisible by 3 for alln € N. oO 


Notes: (1) Okay...we cheated a little here. Instead of writing out every algebraic step and mentioning 
every property of the natural numbers we used at each of these steps, we skipped over some of the 
messy algebra and at the end of it all simply mentioned that all this is okay because (Z, +, -) is a ring. 


For example, we replaced (k + 1)(k + 1) by k? + 2k + 1. You may remember this “rule” as FOIL (first, 
inner, outer, last) from your high school classes. We have not yet verified that FOlLing is a legal 
operation in the set of natural numbers. Let’s check the details: 


(kK4+1)(kK+1) =(kK4+1)-k+(k41)-1=k-kKt+kt+k+1=k?4+2k41 


For the first equality, we used left distributivity of multiplication over addition, and for the second 
equality, we used right distributivity of multiplication over addition, together with the multiplicative 
identity property and associativity of addition (we’ve omitted parentheses when adding several terms). 


(2) It’s a worthwhile exercise to find all the other places in the proof where details were excluded and 
to fill in those details. 


(3) Notice our use of SACT (see Note 7 from Example 4.5) in the beginning of the last line of the 
sequence of equations. We needed k? — k to appear, but the —k was nowhere to be found. So, we 
simply threw it in, and then repaired the damage by adding k right after it. 


LEVEL 4 


7. Prove that if a, b, c, d, e E Z with a|b and ajc, then a|(db + ec). 


Proof: Let a, b,c,d,e E€ Z with a|b and a|c. Since a|b, there is j E€ Z such that b = aj. Since alc, there 
is k € Z such that c = ak. Since (Z, +, -) is a ring, it follows that 


db + ec = d(aj) + e(ak) = (da)j + (ea)k = (ad)j + (ae)k = a(dj) + a(ek) = a(dj + ek). 


Since Z is closed under multiplication, dj E€ Z and ek E€ Z. Since Z is closed under addition, 
dj + ek E Z. So, a|(db + ec). o 
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Notes: (1) As in Problem 6, we skipped over mentioning every property of the integers we used at each 
step, and simply mentioned that (Z, +, -) is a ring. The dedicated reader may want to fill in the details. 


(2) The expression db + ec is called a linear combination of b and c. Linear combinations come up 
often in advanced mathematics and we will see them more in later lessons. 


8. Prove that 3” — 1 is even for all natural numbers n. 


Proof by Mathematical induction: 


Base Case (k = 0): 3° — 1 = 1 — 1 = 0 = 2 - 0. So, 3° — 1 is even. 


Inductive Step: Let k € N and assume that 3” — 1 is even. Then 3¥ — 1 = 2b for some integer b. Now, 
3k+1_ 1 = 3k . 31 — 1 = 3% .3 — 1 = 3% -3 — 3% + 3% — 1 = 3¥(3 — 1) + (3% — 1) 
= 3% .2 + 2b = 2.3% + 2b = 2(3¥ + b). 


Here we used the fact that (Z, +, -) is a ring. Since Z is closed under multiplication, 3% € N. Since Z is 
closed under addition, 3* + b € Z. Therefore, 3¥+1 — 1 is even. 


By the Principle of Mathematical Induction, 3” — 1 is even for alln € N. m 


Notes: (1) As in Problem 6, we skipped over mentioning every property of the natural numbers we used 
at each step, and simply mentioned that (Z, +, -) is a ring. The dedicated student may want to fill in 
the details. 


(2) Notice our use of SACT (see Note 6 from Example 4.5) in the middle of the first line of the sequence 
of equations. We needed 3* — 1 to appear, so we added 3*, and then subtracted 3* to the left of it. 


9. Show that Theorem 4.3 (the Principle of Mathematical Induction) is equivalent to the following 
statement: 


(x) Let P(n) be a statement and suppose that (i) P(O) is true and (ii) for all k € N, 
P(k) > P(k + 1). Then P(n) is true for all n E€ N. 


Proof: Recall that Theorem 4.3 says the following: Let S be a set of natural numbers such that (i) 0 € S 
and (ii)forallkK EN, kK ES OkK+1€ES.ThenS=N. 


Suppose that Theorem 4.3 is true, and let P(n) be a statement such that P(O) is true, and for all 
k EN, P(k) > P(k + 1). Define S = {n | (P(n)}. Since P(0) is true, 0 E S. If k € S, then P(k) is true. 
So, P(k + 1) is true, and therefore, k + 1 € S. By Theorem 4.3, S = N. So, P(n) is true for alln E€ N. 


Now, suppose that (x) holds, and let S be a set of natural numbers such that 0 E S, and for all k € N, 
kE€S—>k+1€ES. Let P(n) be the statement n E S. Since 0 E€ S, P(O) is true. If P(k) is true, then 
k E S. So, k +1 E S, and therefore, P(k + 1) is true. By (x), P(n) is true for all n. So, for alln € N, we 
have n E S. In other words, N € S. Since we were given S C N, we have S = N. oO 


Note: If A and B are sets, then one way to prove that A and B are equal is to show that each one is a 
subset of the other. 
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In the beginning of the third paragraph, we let S be a set of natural numbers. In other words, we are 
assuming that S S N. We then argue that we also have N E S. It then follows that S = N. 


See the Technical note after Theorem 2.5 (in Lesson 2) for more details. 


LEVEL 5 


10. The Principle of Strong Induction is the following statement: 


(xx) Let P(n) be a statement and suppose that (i) P(0) is true and (ii) for all k E€ N, 
Vick (P()) > P(k +1). Then P(n) is true forall n E N. 


Use the Principle of Mathematical Induction to prove the Principle of Strong Induction. 


Proof: Let P(n) be a statement such that P(0) is true, and for all k EN, Vj < k (P(/)) > P(k +1). 
Let Q(n) be the statement Vj < n (P(J)). 


Base case: Q(0) = vj < 0(P(/)) = P(0). Since P(0) is true and Q(0) = P(0), Q(0) is also true. 


Inductive step: Suppose that Q(k) is true. Then Vj < k (P(j)) is true. Therefore, P(k + 1) is true. So 
Q(k) A P(k + 1) is true. But notice that 


Q(k+1)=VYj<k+1(PU))=Yj <k(PU))AP(k +1) = Q(k)AP(k +1). 
So, Q(k + 1) is true. 


By the Principle of Mathematical Induction ((*) from Problem 9), Q (n) is true for all n € N. This implies 
that P(n) is true for alln E N. Oo 


11. Show that (Q, +, -) is a field. 


Proof: By Problem 11 in Lesson 3, (Q, +) is a commutative group. By Problem 9 in Lesson 3, (Q*, -) is 
a commutative group. So, all that’s left to show is that multiplication is distributive over addition in Q. 


a 


(Distributivity) Let x, y,z E€ Q. Then there exist a,c,e E Zand b,d,f E€ Z* such that x = ne = > and 
Z= 7 Let’s start with left distributivity. 


wasip HG) =a 


Cc 
d df J b(df) 
ac ae ac ae  (ac)(bf) + (bd)(ae) 
xy + xz = =: + e 5 = +S = MMs 
bd bf bd bf (bd) (bf) 
i (ac)(bf)+(bd)(ae) _ a(cf+de) 
We need to verify that ab BGA” 


Since Z is a ring, (ac)(bf) + (bd)(ae) = bacf + bade = ba(cf + de) (see Note 1 below). 


Since multiplication is associative and commutative in Z*, we have 
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(bd) (bf) = b(d(bf)) = b((db)f) = b((bd)f) = b(b(af)). 


(ac)(bf)+(bd)(ae) _ ba(cf+de) _ a(cf+de) 
(bd)(bf) — b(b(df)) — blaf) ' 


So, 


For right distributivity, we can use left distributivity together with the commutativity of multiplication 
in Q. 
(y + z)x = x(y + Z) = xy + xz = yx + Zx o 


Notes: (1) We skipped many steps when verifying (ac)(bf) + (bd)(ae) = ba(cf + de). The 
dedicated reader may want to verify this equality carefully, making sure to use only the fact that Z is a 
ring, and making a note of which ring property is being used at each step. 


(2) In the very last step of the proof, we cancelled one b in the numerator of the fraction with b in the 
denominator of the fraction. In general, if j E Z and m, k E Z*, then m = A To verify that this is true, 
simply observe that since Z is a ring, we have (mj)k = m(jk) = m(kj) = (mk)j. (Remember from 
part 4 of Example 3.6 in Lesson 3 that we identify rational numbers and < whenever ad = Dc). 


12. Use the Principle of Mathematical Induction to prove that for every n E€ N, if S is a set with 
|S| = n, then S has 2” subsets. (Hint: Use Problem 14 from Lesson 2.) 


Proof: Base Case (k = 0): Let S be a set with |S| = 0. Then S = @, and the empty set has exactly 1 
subset, namely itself. So, the number of subsets of S is 1 = 2°. 
Inductive Step: Assume that for any set S with |S| = k, S has 2* subsets. 


Now, let A be a set with |A| = k + 1, let d be any element from A, and let S = A \ {d} (S is the set 
consisting of all elements of A except d). |S] = k, and so, by the inductive hypothesis, S has 2* subsets. 
Let B ={X |X GAAd E€X}andC = {X|X SAAd E X}.B is precisely the set of subsets of S, and 
so |B| = 2". By Problem 14 from Lesson 2, |B] = |C| and therefore, |C| = 2*. Also, B and C have no 
elements in common and every subset of A is in either B or C. So, the number of subsets of A is equal 
to |B le = 2" 4+ 2° = 2+ 2" = 22S a 


By the Principle of Mathematical Induction, given any n E N, if S is a set with |S| = n, then S has 2” 

subsets. o 

Notes: (1) Recall from Lesson 2 that |S| = n means that the set S has n elements. 

(2) Also, recall from Lesson 2 that if S is a set, then the power set of S is the set of subsets of S. 
P(S)={XIXES} 

In this problem, we proved that a set with n elements has a power set with 2” elements. Symbolically, 

we have 


|S] =n > | P(S)| = 2”. 
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Problem Set 5 


LEVEL 1 


1. The addition and multiplication tables below are defined on the set S = {0,1,2}. Show that 
(S,+, -) does not define a field. 


onna e Le? 
~oo it 2 0 0 0 0 
T y) Ely M0 ables 
> | 2 gm 2x | @ G2 2 


Solution: We have 2:0=0, 2:1=2, and 2:2 = 2. So, 2 has no multiplicative inverse, and 
therefore, (S, +, +) does not define a field. 


Note: It’s not difficult to check that (S, +) is a group with identity 0 and (S, -) is a monoid with identity 

1. However, (S, +, -) is not a ring, as distributivity fails. Here is a counterexample: 
2(1+1)=2.2=2 2-1+2-1=2+2=1 

We could have used this computation to verify that (S, +, -) is not a field. 


2. Let F = {0,1}, where 0 + 1. Show that there is exactly one field (F, +, -), where 0 is the 
additive identity and - is the multiplicative identity. 


Solution: Suppose that (F, +, +) isa field. Since (F, +) isa commutative group, by Problem 2 in Lesson 
3, the addition table must be the following. 


Since (F*, -) isa monoid and 1 is the multiplicative identity, we must have 1-1 = 1. 


Now, if0-0 = 1,thenwe have 1 =0-0=0(0+0) =0-0+0-0=1+1 =0,acontradiction. So, 
0-0=0. 


If 0-1 =1, then we have 1=0-1=(0+0)-1=0-1+0-1=1+1=0O, a contradiction. So, 
O21 =i, 


Finally, if 1-0 = 1, then we have 1 = 1-0=1(0+ 0) =1-0+1-0=1+1=0O,a contradiction. 
So,1-:0=0. 


It follows that the addition and multiplication tables must be as follows: 


+ | 0 Í > | 0 1 
0 0 1 0 0 0 
1 i 0 1 0 i 


We already verified in Problem 2 from Lesson 4 that (F,+, -) is a ring. Since 1-1 = 1, the 
multiplicative inverse property holds, and it follows that (F, +, -) is a field. 
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LEVEL 2 


3. Let (F,+, -) bea field. Prove each of the following: (i) If a,b € F witha + b = b, then a = 0; 
Gi) If a E F, b E€ F*, and ab = b, then a = 1; (iii) If a E F, then a- 0 = 0; (iv) If a E F’, 
b € F, and ab = 1, then b = =; (v) If a,b € F and ab = 0, then a = 0 or b = 0; (vi) Ifa € F, 
then -a = - 1a; (vii) (-1)(-1) = 1 

Proofs: 
(i) Leta,b E F witha + b = b. Then we have 
a=a+0=a+ (b+ (-b))= (a+ b)+ (-b) =b + (-b) =0. o 
(ii) Leta EF, b € F*, and ab = b. Then we have 
a&a=a:1=a(bb "= (abjb t =bpbp t = 1; 
(iii) Leta E F.Thena-0+a=a-0+a-1=a(0+1)=a-1=a. By(i),a-0=0. 
(iv) Letae F*, bEeF andab= 1, Thenb=1b =(a“a)b =a “*(ab) =a t: 1=0a™"= =O 


(v) Leta,b EF andab = 0. Assume that a + 0. Thenb = 1b = (a“!a)b = a™t (ab) =a"! -0. 


By (iii), a71 - 0 = 0. So, b = 0, oO 
(vi) Leta €F.Then-la+a=a(-1)+a-1=a(-1+1) =a-0=0 (by (iii)). So,- 1a is the 
additive inverse of a. Thus, - 1a = - a. o 
(vii) (-1)@1)+G€1) = (-1)61) + (-1)-1=(-1)(-1+ 1) = (-1)(0) = 0 (by (iii)). So, we 
see that (- 1)(- 1) is the additive inverse of - 1. Therefore, (-1)(-1) =-(-1). Oo 


4. Let (F,+, -) bea field with N C F. Prove that Q & F. 


Proof: Letn E Z. Ifn E N, then n E F because N C F. If n ¢ N, then -n E N. So, -n E F. Since F is a 


field, we have n = - (-n) E F. For each n E Z*, 2 = nt €E F because n E F and the inverse property 


holds in F. Now, let = € Q. Then m € Zandn € Z*. Since Z S F, m € F. Since n € Z*, we have~ € F. 


Therefore, T= = = = . Z = m (=) E F because F is closed under multiplication. Since = was an 
arbitrary element of Q, we see that Q € F. oO 


5. Let (F,S) be an ordered field. Prove each of the following: (i) If a,b € F, exactly one of the 
following holds: a < b, a = b, ora > b; (ii) If a,b E F,a < b, and b < a, then a = b; (ii) If 
a,b,c EF, a< b, and b <c, then a < c; (iv) If a,b,c E F, a < b, and b < c, then a < c; 
(v) If a,b € F* and a > b, then 2 < =; (vi) If a,b € F, then a > b if and only if -a <-b; 
(vii) If a,b E F, then a = b if and only if -a < -b. 
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Proofs: 


(ii) 


(iii) 


(iv) 


(v) 


(vi) 


(vii) 


Let a,b € F. Since F is a field, b — a = b + (-a) € F. By Order Property (3), exactly one of 
the following holds: b — a > 0, b — a = 0, or - (b — a) > 0. 


b—a > 0 is equivalent to b>a or a< b (by definition). b—a = 0 is equivalent to 
b+(-a) =0orb =-(-a) =-1(-1a) = (-1(-1)a) = 1a = a.- (b — a) is equivalent to 
-1(b + (-a)) =-1b+(-1)(-a)=-1b+(-1)(-1)a =-1b + 1a = a — b. So, we see 
that - (b — a) > 0 is equivalent to a — b > 0, ora > b. Oo 


Leta,E F,a <b, and b <a. Since a < b, we have a < b ora = b. If a = b, we are done. 
So, assume a < b. Since b < a, we have b < a ora = b. By (i), we cannot have a < b and 
b < a. So, we must have a = b. o 


Leta,b,c€ F,a< b,andb < c. Then b — a > 0 and c — b > 0. By Order Property (1), we 
have c — a = (c — b) + (b — a) > 0. So, c > a, or equivalently, a < c. Oo 


Leta,b,c€F,a<b,andb < c. Since a < b, we have a < b or a = b. First, suppose that 
a <b. Since b < c, we have b < c or b =c. If b <c, then by (iii), a < c, and so, a < c. If 
b =c, Then a < b and b = c imples a < c (by substituting b for c), and therefore, a < c. 
Next, suppose that a = b. If b < c, then a < c (by substituting b for a), and thus, a < c. If 
b = c, then a = c (again by substituting b for a). m 
Let a,b € Ft anda > b. Thena —b > 0. So, *— == — (a — b). Since a,b € Ft, ab € Ft 
by Order Property (2). So, — E F* by Theorem 5.4. Since = > 0 and a — b > 0, we have 
E T 2d ananiwalnt eS: 

= . So, 3 > =, or equivalently, = < =. Oo 
Let a,b E F. Then a > b if and only if a — b > 0 if and only if - (a — b) < 0 if and only if 
- 1(a +(- b)) < 0 if and only if —1a — 1(- b) < 0 if and only if -a — (- b) < 0 if and only 
if-a<-b. oO 


Let a,b E F. Thena = b if and only if a — b = 0 if and only if a — b > O ora — b = Oif and 
only if a > b or a = b if and only if -a < -b or -a = -b if and only if -a — (- b) < 0 or 
-a — (- b) = 0 if and only if -a — (-b) < 0. If and only if -a < -b. o 


Proof: Let (F, +, -) be a field. Then - is a binary operation on F and (F*, -) is a commutative group. 


We first show that if a € F, then 0a = 0. To see this, observe that 


0a +a = 0a + 1a = (0 + 1)a = 1a =a. 


By Problem 3, part (i), 0a = 0. 


Let x,y E F. If x,y E F*, then xy = yx. If x = 0, then xy = 0y = 0 by the previous result, and 
yx = y : 0 = 0 by Problem 3 part (iii) above. If y = 0, then xy = x -0 = 0 by Problem 3, part (iii) 
above, and yx = 0x = 0 by the previous result. In all cases, we have xy = yx. 
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Next, let x, y,z E F. If x,y,z € F*, then (xy)z = x(yz). If x = 0, then by the previous result, we have 
(xy)z = (Oy)z = 0z = 0 and x(yz) = O(yz) = 0. If y = 0, by Problem 3, part (iii) and the previous 
result, we have (xy)z = (x-0)z=0z=0 and x(yz) =x(0z) =x-0=0. If z=0, we have 
(xy)z = (xy): 0 = 0 and x(yz) = x(y- 0) = x-0=0. In all cases, we have (xy)z = x(yz). 

Let x E€ F.If x E€ F*, then 1x =x-1=-x. If x = 0, then by Problem 3, part (iii), 1x = 1-0 = 0 and by 
the previous result, x : 1 = 0 ;: 1 = 0. In all cases, we have 1x = x:1 =x. 


Therefore, (F, -) is a commutative monoid. oO 


LEVEL 4 


7. Prove that there is no smallest positive real number. 


Proof: Let x € R* and let y = =X. By Theorem 5.4, : > 0. So, by Order Property (2), y > 0. 


4. i 1 2 1 i i 
Now, x -y=x-Sx = 1x —Żx = (1 —Ż)x = -+Ż) x = Żx > 0. So, x > y. It follows that y is a 


positive real number smaller than x. Since x was an arbitrary positive real number, there is no smallest 
positive real number. o 


8. Leta be a nonnegative real number. Prove that a = 0 if and only if a is less than every positive 
real number. (Note: a nonnegative means that a is positive or zero.) 


Proof: Let a be a nonnegative real number. 


First suppose that a = 0. Let € be a positive real number, so that e > 0. Then by direct substitution, 
€ > a, or equivalently a < e. Since € was an arbitrary positive real number, we have shown that a is 
less than every positive real number. 


Now, suppose that a is less than every positive real number. Assume towards contradiction that 
; f 1 ; ; 

a #0. Then a > 0 (because a is nonnegative). Let € = 54 By the same reasoning used in Problem 7 

above, we have that € is a positive real number with a > e. This contradicts our assumption that a is 


less than every positive real number. oO 
Note: There are three methods for proving a statement of the form p > q: 
(i) Direct proof: /n a direct proof, we assume p, and deduce q. 


Most of the proofs we have done up to this point have been direct proofs. For example, above 
we proved the statement “If a = 0, then a is less than every positive number” using a direct 
proof. Notice how the proof starts with “Suppose that a = 0," and ends with “a is less than 
every positive real number.” 


(ii) Proof by contradiction: /n a proof by contradiction, we assume the opposite of what we want 
to prove, and derive a contradiction. 
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The opposite of the statement p > q is a(p > q), which is logically equivalent to the 
statement pA-q. This means that all four possible assignments of truth values to the 
propositional variables p and q lead to the same resulting truth value. For example, if we let p 
be true and q false, then we have ~n(p > q) = A(T > F) = AF = T, and similarly, we have 
pAnrng=TAAF=TAT=T. The dedicated reader should check the other three truth 
assignments as well. 


So, to summarize, to prove a statement of the form p > q by contradiction, we assume p A nq, 
and derive a contradiction. 


We have done a few proofs by contradiction so far. For example, above we proved the 
statement “If a is less than every positive real number, then a = 0” by contradiction. Notice 
how the proof starts with “Suppose that a is less than every positive real number and a + 0.” 


(iii) Proof by contrapositive: The contrapositive of the conditional statement p > q is aq > 7p. 
The contrapositive of a conditional statement is logically equivalent to the original conditional 
statement (Check this!). 


In a proof by contrapositive, we assume ~q, and deduce np. 


Some proofs by contradiction can be modified slightly to become proofs by contrapositive. 
When this can be done, most mathematicians would prefer to use contrapositive over 
contradiction. 


In this problem, a small modification in our proof by contradiction will turn it into a proof by 
contrapositive. Here is the modified version: 


“Now, suppose that a # 0. Thena > 0. Let € = =a. By the same reasoning used in Problem 7 


above, we have that € is a positive real number with a > e. So, a is not less than every positive 
real number.” 


Notice how this version the proof starts with “a # 0” and ends with “a is not less than every 
positive real number.” 


9. Prove that every rational number can be written in the form = where m E Z, n E Z*, and at least 
one of m or n is not even. 


Proof: Let x be a rational number. Then there are a € Zand b E Z* such that x = 5 Let j be the largest 


integer such that 2/ divides a and let k be the largest integer such that 2* divides b. Since, 2/ divides 
a, there is c € Z such that a = 21c. Since, 2* divides b, there is d € Z such that b = 2*d. 


Observe that c is odd. Indeed, if c were even, then there would be an integer s such that c = 2s. But 
then a = 2/ c = 2} (2s) = (2/-2)s = (2/-21)s = 2/*1s. So, 21+! divides a, contradicting the 


maximality of j. 


Similarly, d is odd. 


So, we have x = Ê = als 
~ p 2kg 
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j j-k 
If j > k, then, j —k > Oandx =e = A 
Z is closed under multiplication), n € Z* (if n = 0, then b = 2*d = 2"n = 2¥ -0 = 0), and n = d is 
odd. 


Letm = 2/-*c andn = d. Then x = = m E Z (because 


j F 
If j < k, then k — j > 0 and x = Ż£ = -Z. Let m = c and n = 2*-Jd. Then x = £, m=ce€Z, 
2rd 2d n 


n E Z* (because Z is closed under multiplication, and if n were 0, then d would be 0, and then b would 
be 0), and m = c is odd. o 


LEVEL 5 


10. Show that every nonempty set of real numbers that is bounded below has a greatest lower bound 
in R. 


Proof: Let S be a nonempty set of real numbers that is bounded below. Let K be a lower bound for S, 
so that for all x € S, x > K. Define the set T by T = {- x | x € S}. 


Let y E T. Then there is x € S with y = - x. Since x E S, x = K. It follows from Problem 5, part (vii) 
that y =- x < - K. Since y E T was arbitrary, we have shown that for all y E T, y < - K. It follows that 
-K is an upper bound for the set T. 


By the Completeness Property of R, T has a least upper bound M. We will show that - M is a greatest 
lower bound for S. 


Let x E S. Then -x E T. Since M is an upper bound for T, -x < M. So, by Problem 5, part (vii), x > - M. 
Since x € S was arbitrary, we have shown that for all x € S, x > - M. Therefore, - M is a lower bound 
for S. 


Let B >- M. Then -B < M. Since M is the least upper bound for T, there is y E T with y >-B. By 
Problem 5, part (vi), we have - y < B. Since y E T, - y E S. Thus, B is not a lower bound of S. 


Therefore, - M is a greatest lower bound for S. 


Since S was arbitrary, we have shown that every nonempty set of real numbers that is bounded below 
has a greatest lower bound in R. oO 


11. Show that between any two real numbers there is a real number that is not rational. 


Proof: Let x,y € R with x < y. Let c be a positive number that is not rational. Then = A By the 
Density Theorem, there is a q E Q such that = <= A We can assume that q # 0 (if it were, we could 
simply apply the Density Theorem again to get p E Q with : < p < q, and p would not be 0). It follows 


that x < cq < y. Since c = (cq)q"’, it follows that cq ¢ Q (if cq E Q, then c E€ Q because Q is closed 
under multiplication). So, cq is a real number between x and y that is not rational. oO 


12. Let T = {x E F | -2 < x = 2}. Prove sup? = 2 and infT = - 2. 
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Proof: If x E T, then by the definition of T, x < 2. So, 2 is an upper bound of T. 
Now, let B < 2, and let z = max {0,=(B + 2)}. Since B < 2, we have 
1 1 1 
pe Pe) et 2) nta 
So, if we have — (B +2) > 0, then =(B +2) E T. Since 0 E T, we see that z € T. Also, 
T 1 T a 
z>=(B + 2) > *(B + B) = Ż (2B) = (5-2)B 2418 =2. 
So, we see that z € T and z > B. Therefore, B is not an upper bound of T. So, 2 = supT. 
If x E T, then by the definition of T, x > - 2. So, - 2 is a lower bound of T. 
Now, let C > - 2, and let w = min {0,=(- 2+ cy}. Since C > - 2, we have 
T i T 
aire +C)> ze —2)= s69 =-2. 
So, if we have = (-2 + C) < 0, then =(-2 +C) €T. Since 0 ET, we see that w E T. Also, 
i 


w S2(-2+C) <3(C +0) =5(20) =(5-2)C =1C=C. 


So, we see that w E T and w < C. Therefore, C is not a lower bound of T. So, - 2 = infT. oO 


CHALLENGE PROBLEM 


13. Let V = {x € F | x? < 2} and let a = sup V. Prove that a? = 2. 
Hints: 


e In Example 5.2 (part 4) we saw that a exists. 

e If a* < 2, find n EN such that a + Z E V. This will contradict that a is an upper bound of V, 
proving a? > 2. 

e ifa? > 2, find n EN such that a — L is an upper bound for V. This will contradict that a is the 


least upper bound of V, proving a? < 2. 
e You can use the Archimedean property of R with each of the last two hints. 
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LEVEL 1 


Problem Set 6 


1. Draw Venn diagrams for (A \ B) \ C and A \ (B \ C). Are these two sets equal for all sets A, 
B, and C? If so, prove it. If not, provide a counterexample. 


Solution: 


(A\ B)\C 


A\ (B\ C) 
From the Venn diagrams, it looks like (A \B) \C © A\ (B\ C), but (A\ B)\C#A\(B\C). 


Let’s come up with a counterexample. Let A = {1,2}, B = {1,3}, and C = {1,4}. Then we have 
(A\ B) \ C = {2}\ {1,4} = {2} and A \ (B \ C) = (1, 2} \ {3} = {1, 2}. 


We see that (A\ B)\C #A\(B\C). 


Note: Although it was not asked in the question, let’s prove that (A\B)\CSA\(B\C). Let 
x E (A\ B) \C. Then x E€ A\B and x ¢ C. Since x E€ A \ B, x E A and x ¢ B. In particular, x € A. 
Since x ¢ B, x ¢ B\C (because if x €B \C, then x E€ B). So, we have xE A and xEB\C. 
Therefore, x € A \ (B \ C). Since x € (A \ B) \ C was arbitrary, (A\B)\C ES A\ (B \ C). 
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(m 


22 Vet A= fø, ON B = {¢Ø,{Ø}}, C = (—%, 2], D = (—1,3]. Compute each of the following: 
(i) AUB; (ii) ANB; (ii) A \ B; (iv) B\ A; (v) AAB; (vi) C UD; (vii) C A D; (viii) C \ D; 
(ix) D\ C; (x) CAD. 


Solutions: 


(i) 

(ii) 
(iii) 
(iv) 
(v) 


(vi) 
(vii) 
(viii) 
(ix) 
(x) 


AUB = {Ø, {0}, {0,10} 


ANB = {@} 
A\ B = {{0, 10} 
B\ A= {{o}} 


AAB = {{0},{0, {03} 


CUD = (-@,3] 

CAD = (-1,2] -3 -2 -1 0 1 3 C 
C\D=(-%,-1] D 
D \ C = (2,3] —3 —2 -I 0 1 2 


CAD =(-~,-1]U (2,3] 


LEVEL 2 


3. Prove the following: (i) The operation of forming unions is commutative. (ii) The operation of 
forming intersections is commutative. (iii) The operation of forming intersections is associative. 


Proofs: 


(i) 


(ii) 


(iii) 


Let A and B be sets. Then x E A UB if and only ifx E€ Aorx E Bifandonlyifx € Borx EA 
if and only if x E B U A. Since x was arbitrary, we have shown Vx(x EAUB Ox E BUA). 
Therefore, A U B = B UA. So, the operation of forming unions is commutative. oO 


Let A and B be sets. Then x E€ AN B if and only if x E A and x E B if and only if x E B and 
x E A if and only if x E€ BN A. Since x was arbitrary, we have Vx(x EANBOXEBN A). 
Therefore, AN B = BNA. So, the operation of forming intersections is commutative. oO 


Let A, B, and C be sets. Then x € (AN B) NC if and only if x E€ AN Band x E C if and only 
ifx €A,x € Bandx €C if and only if x € Aandx E BNC if and only ifx EAN(BNC). 
Since x was arbitrary, we have shown vx(x E(ANB)NACexEAN(BN C)). 


Therefore, we have shown that (AN B) NC =AN(BNC). So, the operation of forming 
intersections is associative. o 
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Proof: Let J be an unbounded interval. There are three cases to consider. 


Case 1: I is bounded above, but not below. In this case, since I is bounded above, by the Completeness 
of R, J has a least upper bound b. If x E I, then by the definition of upper bound, we have x E (- œ, b]. 
Since x was an arbitrary element of I, Vx(x € I > x E€ (- œ, b]). So, I & (-œ,b]. 


Now, let z E (- œ, b). It follows that z < b. Since b is the least upper bound of J, it follows that z is not 
an upper bound of I. So, there is y E€ I with z < y. Since I is not bounded below, there is x € J with 
x < Z. Since I is an interval, x,y E I, and x < z < y, it follows that z € I. Since z was an arbitrary 
element of (- œ, b), we have shown Vx(x E (-0,b) > x E I. So, (-~,b) Cl. 


We have shown that (- œ, b) € I and I © (- œ, b]. There are now 2 subcases to consider: 


Subcase 1: If the least upper bound of J (namely, b) is an element of J, then we have (- 0, b] © J and 
I SE (-œ, b]. So, I = (- œ, DI. 


Subcase 2: If the least upper bound of I (namely, b) is not an element of J, then we have (-œ,b) S I 
and I € (- œ, b). So, I = (- œ, b). 


Case 2: I is bounded below, but not above. In this case, since I is bounded below, by Problem 10 in 
Lesson 5, I has a greatest lower bound a. If x € I, then by the definition of lower bound, we have 
x E [a, œ). Since x was an arbitrary element of J, Wx(x El>xeélfa, co)). Sö T & [a, 0). 


Now, let z E (a, ©). It follows that z > a. Since a is the greatest lower bound of J, it follows that z is 
not a lower bound of J. So, there is x € I with x < Z. Since I is not bounded above, there is y € I with 
z < y. Since I is an interval, x,y E I, and x < z < y, it follows that z € I. Since z was an arbitrary 
element of (a, 00), we have shown Vx(x E (a, œ) > x E I). So, (a,~) E I. 


We have shown that (a,oo) CJ and I S [a, œ). As in the last case, there are now 2 subcases to 
consider: 


Subcase 1: If the greatest lower bound of I (namely, a) is an element of J, then we have [a, œ) € I and 
I Elaa) So I= [a 0); 


Subcase 2: If the greatest lower bound of I (namely, a) is not an element of J, then we have (a, œ) € I 
and I € (a, œ). So, I = (a, œ). 


Case 2: I is not bounded above or below. If x € I, then x E€ R = (- œ, œ). So, I & (- œ, 00), 


Now, let z E (- œ, 00). Since J is not bounded above, there is y € I with z < y. Since I is not bounded 
below, there is x € I with x < z. Since / is an interval, x,y € I, and x < z < y, it follows that z E 1. 
Since z was an arbitrary element of (-œ%,%0), we have shown Vx(x E (-œ,%) > x ETI). So, 
(-00,00) CJ, 


Since I © (- œ, œ) and (- œ, œ) € J, we have I = (- œ, œ) Oo 
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LEVEL 3 


5. Prove or provide a counterexample: (i) Every pairwise disjoint set of sets is disjoint. (1i) Every 
disjoint set of sets is pairwise disjoint. 


Solutions: 
(i) This is false. Let A = {1} and let X = {A}. X is pairwise disjoint, but NX = A = {1} + Ø. 


However, the following slightly modified statement is true: “Every pairwise disjoint set of sets 
consisting of at least two sets is disjoint.” 


Let X be a pairwise disjoint set of sets with at least two sets, say A,B E€ X. Suppose towards 
contradiction that x E€ NX. Then x E A and x E B. So, x E ANB. But AN B = Ø because X 
is pairwise disjoint. This contradiction shows that the statement x € NX is false. Therefore, 
X is disjoint. oO 

(ii) This is false. Let A = {0,1}, B = {1,2}, C = {0,2}, and X = {A,B,C}. Then X is disjoint 
because NX = ANBNC = {0,1} N {1,2} N {0,2} = {1} N {0,2} = Ø. However, X is not 
pairwise disjoint because AN B = {0,1} N {1,2} = {1} + Ø. 


6. Prove the following: (i) For all b € R, the infinite interval (- 00, b) is an open set in R. (ii) The 
intersection of two open intervals in R is either empty or an open interval in R. (iii) The 
intersection of finitely many open sets in R is an open set in R. 


Proofs: 


(i)  Letx E€ (-0,b) andleta = x — 1. Since x E (- œ, b), x < b. Since x — (x — 1) = 1 > 0,we 
have x > x — 1 = a. So, we havea < x < b.Thatis, x € (a,b). Also, (a,b) & (- œ, b). Since 
x E (- œ, b) was arbitrary, (- 00, b) is an open set. o 


(ii) Let (a, b) and (c, d) be open intervals in R (a and c can be - ©, and b and d can be œ, where 
-œ js less than any real number and ©, and œ is greater than any real number and - o0). 
Without loss of generality, we may assume that a< c. If b <c, then we have 
(a,b) N (c,d) = Ø because ifa < x < bandc < x < d,thenx < b <c < x,andso,x <x, 
which is impossible. 


So, we may assume that c < b. Lete = min{b, d}. We claim that (a, b) N (c,d) = (c, e). 


Let x E (a,b) N (c,d). Then x E (a,b) and x E (c,d). Soa <x<b andc<x< d. In 
particular, x > c, x < b, and x < d. Since x < b and x < d, x < e. So, x E (c,e). Since 
x E (a,b) N (c,d) was arbitrary, we have shown that (a, b) N (c,d) E (c,e). 


Now, let x E (c,e). Then c < x < e. We are assuming that a < c. We also have e < b. So, 
a<c<x<e <b. Therefore, x € (a,b). We also have e < d. So, c<x<e<d, and 
therefore, x E (c,d). Since x E (a,b) and x E (c,d), we have x E (a,b) N (c,d). Since 
x E (c,e) was arbitrary, we have shown that (c,e) S (a,b) N (c,d). 


Finally, since we have shown (a,b) N (c,d) ES (c,e) and (c,e) S (a,b) N (c,d), we have 
(a,b) N (c,d) = (c,e). 


Therefore, the intersection of two open intervals in R is either empty or an open interval in 
R. o 
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(iii) The intersection of a single set with itself is just that set itself, and so, the result holds trivially 
for one open set. 


So, we will prove the following statement: “The intersection of a set of finitely many open 
sets in IR consisting of at least 2 sets is an open set in R.” We will prove this by induction on 
the number of open sets we are taking the intersection of. Theorem 6.9 is the base case 
nSz: 


For the inductive step, assume that the intersection of k nonempty open sets in R is open, 
and let X be a set of k + 1 open sets. Let A € X and let B be the intersection of all the sets 
in X except A. By the induction hypotheses, B is open. Therefore, NX = A NA B is open by 
Theorem 6.9. 


By the Principle of Mathematical Induction, we have shown that the intersection of a set of 
finitely many open sets in R consisting of at least 2 sets is an open set in R. o 


7. Let A,B, and C be sets. Prove each of the following: (i) AN (BUC) = (ANB) U(ANC); 
(ii) AU(BNC) = (AUB)N (AUC); iii) C\ (AUB) =(C\A)N(C\B); 
(iv) C \ (ANB) = (C\ A) U (C \ B). 


Proofs: 


(i) xE€AN(BUC) &xEAandxE€ BUC &x EA and eitherx€BorxE€C@&xEA and 
x€Borx€AandxECSxEANBorxE ANC Sx E(ANB)VU(ANC). o 


(ii) x €EAU(BNC) &xE€AorxE BNC € either x E A or we have both x E B and x E C & 
we have both x€A or xEB and xEA or xEC&xEAUB and xEAUC 
xE(AUB)N(AUC). Oo 

(jii)xEC\ (AUB) SxEe€Candx€AUBSxeCandx€AandxEBSxEeCandxEA 
andxe€Candx@BoexeC\Aandxec\Boexe(C\A)N(C\B). Oo 


(iv)x EC\ (ANB) SxE€Candx€ANBSxE€Candx€Aorx€EBSxECandx€Aor 
xE€Candx€BOxecC\AorxeEeC\BeSxeEe(C\A)UC \B). Oo 
Notes: Let’s let p, q, and r be the statements x E A, x E B, and x E C, respectively. 


(1) In (i) above, the statement “x € A and either x € B or x E€ C” can be written pA (q Vr). By 
Problem 9 in Lesson 1, this is equivalent to (p A q) V (p A r). In words, this is the statement “x € A 
and x E€ B orx E€ A and x E C.” Here it needs to be understood that the word “and” takes precedence 
over the word “or.” 


Similarly, we can use the logical equivalence p V (q Ar) = (pV q) A (pV 1) to help understand the 
proof of (ii). 


(2) Recall that the equivalences pA (qVr) = (pAq) V(pAr) andpV(qAr) =(pVq)A(pVr) 
are known as the distributive laws (see Note (4) following the solution to Problem 9 in Problem Set 1). 


The rules AN (BUC) =(ANB)U(ANC)andAU(BNC) = (AUB)N (AUC) are also known as 
the distributive laws. 
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(3) To clarify (iii) and (iv), recall the De Morgan’s laws 4(p V q) = ap Aq and =(p Aq) = ap V nq 
from the notes following the solutions to Problem 3 from Problem Set 1. For (iii), we can use the logical 
equivalence ~(p V q) = ap A nq with p the statement x E A and q the statement x E B to get 


x€AUB= 7x E€AUB=R7A(x CAV EB) = A(—PVQq) = Ap ^q (by De Morgan’s law) 
HEX EANARXEB=EXEAAX EB. 


So, the statement “x E C and x ¢ AN B” is equivalenttox ECAxEAAX EB. 


Similarly, we can use the logical equivalence 4(p A q) = ap V ~q to see that the statement “x E€ C 
and x ¢ AN B” is equivalent to “x E C andx € Aorx € B.” 


(4) The rules C \ (AUB) = (C\ A) N(C\ B) and C\ (ANB) =(C\ A) UCC \ B) are also known 
as De Morgan’s laws. 


LEVEL 4 


8. Give an example of an infinite collection of open sets whose intersection is not open. Also, give 
an example of an infinite collection of closed sets whose union is not closed. Provide a proof for 
each example. 

Solution: Let X = {(0, Le 2) [ne z*} . Each set in X is an open interval, and therefore, open. We 
will show that NX = (0,1]. Note that x € NX if and only if for alln € Z*, x € (0, 1+ 2) if and only if 


foralln€ Z*,0<x<1+ =, We need to show that x < 1 is equivalent to Vn € Zt (x <1+ =), 


Suppose that x < 1. Let n € Z*. By Theorem 5.4, = > 0. So, 1 +Ž— 1 > 0 (SACT). Thus, 1+=> 1. 
So, we havex <1< 1+ =, and therefore, x < 1+ L, Since n € Z* was arbitrary, we have shown that 
x < 1 implies Yn E€ Zt (x <il +=), 


Now, suppose x > 1 (proof by contrapositive). Then x — 1 > 0. Since there is no smallest positive real 
number, there is a real number € > 0 with x — 1 > e. By the Archimedean Property of the reals, there 


n n i i z 1 1 T 
is a natural number n with n > z So, = < €, or equivalently, € > z Thus, x — 1 > > andso,x >1+ = 


We have shown that there is n € Zt such that x > 1 + =, So, Yn E€ Zt (x <1+ 2) is false. 
This equivalence proves that NX = (0,1], an interval that is not an open set. 


Let Y= {[o, 1— | |n E€ zt Each set in Y is a closed interval, and therefore, closed. We will show 
that UY = [0,1). Note that x € UY if and only if there is n € Z* such that x € |o, 1— z] if and only if 
there is n€Z* such that 0<x<1-— =, We need to show that x <1 is equivalent to 


dine Zt (x <1- 2) (where 3 is read “there exists” or “there is”). 
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Suppose x < 1. Then 1 — x > 0. Since there is no smallest positive real number, there is a real number 
e€ > 0 with 1 — x > e. By the Archimedean Property of the reals, there is a natural number n with 


1 T i ul 1 1 
n> = So, : < €, or equivalently, € > x Thus, 1 — x > m andso,x < 1— 7 We have shown that there 


isn E Zt such that x < i555. Ane Mg tae 1--), 
n 2 


Now, suppose x > 1 (proof by contrapositive). Letn E Z*. By Theorem 5.4, > 20.30, 1=1+ Z >0 
(SACT). So, 1 > 1 — Z, It follows that x > 1 — =, Since n € Z* was arbitrary, Vn € Zt (x >1- 2), It 


follows that dn € Zt (x <1- 2) is false. 


This equivalence proves that UY = [0,1), an interval that is not a closed set. 


9. Let X be a nonempty set of sets. Prove the following: (i) For all A E€ X, A © UX. (ii) For all 
AEX, NX CA. 


Proofs: 


(i) | Let X be a nonempty set of sets, let A E X, and let x € A. Then there is B E X such that 
x € B (namely A). So, x € UX. Since x was an arbitrary element of A, we have shown that 
A G UX. Since A was an arbitrary element of X, we have shown that for all A € X, we have 
AG UX. Oo 


(ii) Let X be a nonempty set of sets, let A E€ X, and let x € NX. Then for every B € X, we have 
x E B. In particular, x E A (because A E X). Since x was an arbitrary element of NX, we have 
shown that NX © A. Since A was an arbitrary element of X, we have shown that for all 
A E X, we have NX C A. oO 


LEVEL 5 


10. Prove that if X is a nonempty set of closed subsets of R, then NX is closed. 


Proof: Let X be a nonempty set of closed subsets of R. Then for each A E€ X, R \ A is an open set in 
R. By Theorem 6.7, U{R \ A | A E X} is open in R. Therefore, R \ U{R \ A | A E X}is closed in R. So, 
it suffices to show that NX = R \ U{R\ A | A E X}. Well, x € NX if and only if for all A E X, x E A if 
and only if for all AEX, xé R\A if and only if x € U{R\A|AEX} if and only if 
xER\U{R\A|A EX}. So, NX =R\U{R\A|A EX}, completing the proof. Oo 


11. Let A be a set and let X be a nonempty collection of sets. Prove each of the following: 
(i) AN UX = U{AN B|B € X}; Gi) AUNX =N{AUB|B Ee X}; 
(iii) A \\ UX = N{A \ B |B E X}; Gv) A\ NX = U{A\ B|B E X}. 
Proofs: 


(i) x €&ANUX &x €Aandx EUX & x €E AandthereisaB E€ X with xE B &xEANB for 
some B EX @&x € U{ANB|B eE X}. o 


54 


(i) x €&AUNX SxEAorxENX @&xEAorx EB for every BEX Sx EC AUB for every 
BEXSxeNn{AuB|BeE xX}. o 


(iii) x E A\ UX @ x E€ Aand x ¢ UX & x € Aand x € B for every B E€ X & x E A \ B for every 
BEX@SxeNn{A\B|BeE xX}. Oo 


(iv) x EA\NX Sx EAandx ¢ NX €&€ x E Aandx ¢ BforsomeB E X © x E A \ B for some 
BEX@xevU{A\B|B eX}. o 


Note: The rules in (i) and (ii) are known as the generalized distributive laws and the rules in (iii) and 
(iv) are known as the generalized De Morgan’s laws. 


12. Prove that every closed set in R can be written as an intersection NX, where each element of X 
is a union of at most 2 closed intervals. 


Proof: First note that R = N{R}. 


Let A be a closed set in R with A + R. Then R \ A is a nonempty open set in R. By Theorem 6.8, R \ A 
can be expressed as UX, where X is a set of bounded open intervals. For each B in X, R \ B is a union 
of two closed intervals (if B = (a, b), then R \ B = (-, a] U [b, œ)). Now, by part (iii) of Problem 11, 
we have A= R\ (R\ A) = R\ UX =N{R\B|B EX}. o 


CHALLENGE PROBLEM 


13. Prove that every nonempty open set of real numbers can be expressed as a union of pairwise 
disjoint open intervals. 
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Problem Set 7 


LEVEL 1 
1. Letz =-4-— i and w = 3 — 5i. Compute each of the following: (i) z + w; (ii) zw; (ili) Im w; 
(iv) 2z — w; (v) w; (vi) = (vii) |z|; (viii) the distance between z and w 
Solutions: 
(i) ztw=(-4-0)+@6-5) =¢4+4+3)4+(-1-5)i=-1- 6i. 
(ii) zw=(-4-—0)@G-—-5i) = (- 12 — 5) + (20 — 3)i =-17+17i. 
(iii) Imw = Im (3 — 5i) =-5. 


i Bow] 266 0-0 a = Ch 3 Oe ey 
=-11+3i. 
W w=3—-5i=3+5i. 


(vi) 4-1 _ C4-OG45) _ (-12+5)+(-20-3)i _ -7-23i __7 _23, 


3s (3-5i)(3+5i) 32+52 9+25 34 34” 


(vii) z| = /- 42 +(-1)2 = VI6 + 1 = V17. 


(viii) Iz -wl = |(-4-)D — (3 - 5D = |(-4-3) + -1 + 5)il = |-7 + 4il = (C7)? + 42 
= V49 + 16 = V65. 


LEVEL 2 
2. Prove that (C, +, -) is field. 
Solution: We first prove that (C, +) is a commutative group. 


(Closure) Let z, w E C. Then there are a,b,c,d E€ Rsuchthatz = a+ biandw = c + di. By definition, 


z+w = (a + bi) + (c + di) = (a + c) + (b + d)i. Since R is closed under addition, a+ b € Rand 
c +d ER. Therefore, z +w EC. 


(Associativity) Let z,w, v E C. Then there are a, b,c,d,e,f E€ R suchthatz = a + bi,w = c + di, and 
v = e + fi. Since addition is associative in R, we have 


(z +w) +v = ((a + bi) + (c + di)) + (e + fi) = ((a + c) + (b + di) + (e + fi) 
=((a+c)+e)+((b+d)+f)i=(a+(c+e))+(b+(d+f))i 
= (a + bi) + ((c +e) + (d + f)i) = (a + bi) + ((c + di) + (e + f)) =z + (w + v). 


(Commutativity) Let z,w E C. Then there are a,b,c,d E R such that z = a + bi andw = c + di. Since 
addition is commutative in R, we have 


z+w = (a+ bi) + (c+ di) = (a+c)+(b+d)i=(c+a)+(d+b)i 
= (c+ di) + (a +bi)=w +z. 
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(Identity) Let 0 = 0 + Oi. We show that 0 is an additive identity for C. Since 0 € R, OET lezet 
Then there are a,b € R such that z = a + bi. Since 0 is an additive identity in R, we have 


0 +z = (0 + 0i) + (a + bi = (0 +a) + (0 + b)i = a + bi. 
z+0= (a+ bi) + (0+0) = (a+0)+(b+0i =a + bi. 
(Inverse) Let z € C. Then there are a,b E R such that z = a + bi. Letw = -a + (- b)i. Then 
z +w = (a + bi) + (-a + (-b)i) = (a + (-a)) + (b + (-b))i = 0 + 0i = 0. 
w+z=(-a+(-b)i) + (at bi) = (-at+a)+(-b+b)i =0+0i=0. 
We next prove that (C*, -) is a commutative group. 


(Closure) Let z,w E€ C*. Then there are a,b,c,d E R such that z=a+bi and w=c+di. By 
definition, zw = (a + bi)(c + di) = (ac — bd) + (ad + bc)i. Since R is closed under multiplication, 
we have ac, bd,ad,bc € R. Also, -bd is the additive inverse of bd in R. Since R is closed under 
addition, we have ac — bd = ac + (- bd) € Randad + bc E R. Therefore, zw E C. 


We still need to show that zw + 0. If zw = 0, then ac — bd = 0 and ad + bc = 0. So, ac = bd and 
ad = - bc. Multiplying each side of the last equation by c gives us acd = - bc”. Replacing ac with bd 
on the left gives bd? = - bc”, or equivalently, bd? + bc? = 0. So, b(d? + c?) = 0. If d? + c? = 0, then 
c = O0andd = 0, and so, w = 0. If b = 0, then ac = 0, andso,a = O orc = 0. Ifa = 0, then z = 0. If 
c = Oanda + 0, thensince ad = -bc = 0, we have d = 0. So, w = 0. So, we see that zw = 0 implies 
z = 0orw = Q. By contrapositive, since z, w E C*, we must have zw # 0, and so, zw E C*. 


(Associativity) Let z, w, v E C*. Then there area, b,c,d,e, f E€ Rsuchthatz = a + bi,w = c + di, and 
v = e + fi. Since addition and multiplication are associative in R, addition is commutative in R, and 
multiplication is distributive over addition in R, we have 
(zw)v = ((a + bi) (c + di))(e + fi) = ((ac — bd) + (ad + bc)i)(e + fi) 
= [(ac — bd)e — (ad + bc) f] + [(ac — bd) f + (ad + bc)eli 
= (ace — bde — adf — bcf) + (acf — bdf + ade + bce)i 
= (ace — adf — bcf — bde) + (acf + ade + bce — bdf)i 
= [a(ce — df) — b(cf + de)| + [a(cf + de) + b(ce — df)]i 
= (a+ bi)((ce —df)+(cf+ de)i) =(a+ bi)((c +di)(e+ fi) = z(wv). 
(Commutativity) Let z,w E€ C*. Then there are a,b,c,d E R such that z = a + bi and w =c + di. 
Since addition and multiplication are commutative in R, we have 
zw = (a + bi)(c + di) = (ac — bd) + (ad + bc)i 
= (ca — db) + (cb + da)i = (c + di)(a + bi) = wz 
(Identity) Let 1 = 1 + Oi. We show that 1 is a multiplicative identity for C*. Since 0, 1 € R, 1 € C*. Let 


z E C*. Then there are a,b € R such that z = a + bi. Since 0 is an additive identity in R, 1 is a 
multiplicative identity in R, and0-x = x-0=0 forall x € R, we have 
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1z = (1+ 0i)(a + bi) = (1a — 0b) + (1b + Oa)i = 1a + 1bi = a + Di. 
z-1=(a+bi)(1+0i) =(a-1-b-0)+(a-04+5b-1hi=a-1+b-li=a+bi. 


Odo ot TEINS 


(Inverse) Let z E C*. Then there are a,b E R such that z = a + bi. Let w = —— 
a*+b2 = a+b? 


have 
a =p. 
zw = (a + bi) (a tr) 
a -b -b a , 
Se ee pe) tee ee 


a? +b? -ab+ba. — 
“ae gegen e 


a -b 
wz=( tari) 


(a + bi) 
a -b a -b , 
ao a aaa adres a 
se +b abbi 8g ge 
— a +b? dyre iai 


(Left Distributivity) Let z,w, v E C. Then there area, b,c,d,e, f € Rsuchthatz = a + biw =c + di, 
and v = e + fi. Since multiplication is left distributive over addition in R, and addition is associative 
and commutative in R, we have 
z(w + v) = (a + bi) [(c + di) + (e + fi)] = (a + bi)[(c +e) + (d + fil 
=|alere)=b(d +7) +lad +f) + be tei 
= (ac + ae — bd — bf) + (ad+af + bc + be)i 
= [(ac — bd) + (ad + bc)i | + [Cae — bf) + (af + be)i] 

(a+ bi)(c+ di) + (a + bi)(e+ fi) = zw + zv. 

(Right Distributivity) Let z,w, v E€ C. There are a,b,c,d,e, f E€ R such that z=a+bi,w=c+di, 


and v = e + fi. Since multiplication is right distributive over addition in R, and addition is associative 
and commutative in R, we have 


(w+ v)z = |(c + di) + (e+ fD|(a+ bi) = [(c +e) + (d + f)il(a+ bi) 
= |(c +e)a— (d + f)b]+[(c+e)b+(d+f)a]ļi 
= (ca + ea — db — fb) + (cb + eb + da + fa)i 
= [(ca — db) + (cb + da)i | + [(ea — fb) + (eb + fa)i] 
(c+ di)(a + bi) + (e + fD) (a + bi) = wz + vz. 
Therefore, (C, +, -) is field. m 


Note: When verifying the inverse property, we didn’t mention the field properties that were used and 
we skipped some steps. The dedicated reader may want to fill in these details. 
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3. Let z and w be complex numbers. Prove the following: (i) Rez = aa Gi) Imz = = 
(iii) ZFw=Z+W; (iv) W=Z-w: (v) (=) =4 (vi) 2z = |zļ?; (vii) |zw| = |zI lw]: 


— lal 


(viii) If w # 0, then 


zZ : 
Slain (ix) Rez < |z|; (x) Imz < |z| 


Proofs: 


Z+Z (a+bi)+(a—bi) 2a+bi-—bi 2a 
To ~ geet eee 


(ii) Letz = a + bi. Then — = a aaa SS he fee. Oo 
21 Zt Zt ZE 


(i) Letz=a+bi.Thenz =a — bi, and so, 


(iii) Letz = a + bi and w = c + di. Then we have 
zZ*+w = (a + bi) + (c + di) = (a + c) + (b + d)i = (a + c) — (b + d)i 
= (a—bi)+(c—di) =at+bitc+di=Zz+w. o 
(iv) Letz =a + bi andw = c + di. Then we have 
zw = (a + bi)(c + di) = (ac — bd) + (ad + bc)i = (ac — bd) — (ad + be)i 
= (a — bi)(c — di) = (a + bi)(c + di) = Zw. o 
(v) Letz =a + biandw = c + di. Then we have 


e EO E (c= di) (a+bi)(c-di) (ac + bd) + (-ad + bc)i 


w? (ct+di) (c+di) (cdi) (c+di)(c—di) — c2 +d? 
(actbd) (-ad+bc). (act+tbd) (-ad+bc). (ac+bd)+(ad-—bc)i 
-Pe C4 Cre Pee" eae 
E (a—bi)(c+di)_(a—bi) (c+di)_a—bi_atbi_ A 
(c_di(c+di) (c—di) (c+di) c-di caqi W 
(vi) Letz =a + bi. Then zz = (a+ bi)(a — bi) = a? + b? = |z2|?. o 
(vii) |zw|? = (zw)(Zw) = (zw) (Z : w) = zzww = |zļ|?|wļ|? = (|z||w])2. Since |zļ, |w], and |zw| 
are nonnegative, |zw| = |z||wI. m 
(viii) Using (vii) above, we have =| = lay *|= klw = a m 


(ix) We have |z|? = (Re z)? + (Im z)?. Therefore, (Re z)? < |z|?, and so, |Re z| < |z|. It follows 
that Rez < |Rez| < |z|. o 
(x) We have |z|? = (Re z)? + (Im z)?. Therefore, (Im z}? < |z|?, and so, |Im z| < |z|. It follows 
that Im z < |Im z| < |zl. m 


LEVEL 3 


4. Prove the Triangle Inequality (Theorem 7.3). 
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Proof: |z +w]? = (z+w)(z+w) = (z+w)@+W) =27+z2w+wz+ww 
= ZZ + ZW + ZW + wW = ZZ + 2Re(zw) + ww < zz + 2|zW] + ww = ZZ + 2|z||w| + ww 
= |z|? + 2|z||w| + |wl* = (zl + Iw)? 


Since |z + w| and |z| + |w| are nonnegative, |z + w| < |z| + |w]. m 
5. Letz and w be complex numbers. Prove lIzI — Iwl] <|z+w| < |z| + |wI. 

Proof: |z| = |(z+w) + Cw)| < |z +w] + |-w| = |z + w| + |w]. So, |z +w] = |z| — |wI. 

lw| = |(z+w)+(z)| < |z +w] + |-z| = |z +wļ| + |zļ. So, |z +wļ = |wļ — |z| =- (|z| — |w)). 


Since for all w,z € C, we have liz! — Iwl] = |z| — |w| or lIzI — Iwl] =- (|z| — |w]), it follows that 
lIzI — Iwl] <|z+wJ. 


Combining this result with the Triangle Inequality, gives us liz! — Iwl] <|z+w]| < |z| + |wI. 
Now, by the Triangle Inequality we have |z — w| = |z + (-w)| < |z| + |-w| = |z| + |w]. 
Finally, by the third paragraph, we have |z — w| = |z + (-w)| = lIzI — |- w]| = lIzI — |w]. m 


6. A point w is an accumulation point of a set S of complex numbers if each deleted neighborhood 
of w contains at least one point in S. Determine the accumulation points of each of the following 


sets: (i) E | nE Z|, (ii) {- | n € zt}. (iii) {i” | n € Z*}; (iv) = | ne z+}; (v) {zI iz] <1}: 
(vi) {z |0 < |z—2| <3} 
Solutions: 

(i) | Ois the only accumulation point of this set. 

(ii) 0 is the only accumulation point of this set. 

(iii) This set is equal to {1, - 1, i,- i}. It has no accumulation points. 

(iv) 0 is the only accumulation point of this set. 

(v) The set of accumulation points of the set {z | |z| < 1}is the set {z | |z| < 1}. 


(vi) The set of accumulation points of the set {z |0 < |z — 2| < 3} is the set {z | |z — 2| < 3}. 


LEVEL 4 


7. Determine if each of the following subsets of C is open, closed, both, or neither. Give a proof in 
each case. (i) Ø; (ii) C; Gii) {z € C | |z| > 1}; Gv) {z € C | Im z < —2}; (v) {i" |n E€ Z*}; 
(vi) {z € C|2 < |z- 2| < 4} 
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(iii) 


(iv) 


(v) 


(vi) 


Ø is open and closed. The statement that Ø is open is vacuously true (since Ø has no elements, 
there is nothing to check). @ is closed because C \ @ = C is open (proof below). Oo 


C is open and closed. C is closed because C \ C = @ is open (see (i)). To see that C is open. 
Let a E C, and let D = {z € C | |z — a| < 1} be the open disk with center a and radius 1. 
Since |a — a| = 0 < 1,a E D, and since every element of D is a complex number, D & C. It 
follows that C is open. oO 


S = {z E€ C | |z| > 1} is open. To see this, let w € S and let r = |w| — 1. We will show that 
N,(w) SS (recall that N,(w) = {z € C||z—w| <r}. Let z E N,(w). Then we have 
|z —w| <r = |w| — 1. So, using the Triangle Inequality, we have 

lw| = |(w-—z)+2| < |w—2|+4+ |z| = |z- w| + |z| < |w|—1+|2| 
Thus, |w| < |w| — 1 + |z|, and therefore, |z| > 1. So, z € S. Since z € N,(w) was arbitrary, 
we have shown that N, (w) © S. So, S is open. Oo 
S = {z E C | |z| > 1} is not closed because C \ S = {z € C | |z| < 1} is not open. 


S = {z E C | Im z < —2} is not open. To see this, first note that Im (- 2i) = -2, and so, 


-2i €S. If N,-(-2i) is an en j -2i, then Arene because 
2 


I Tja = |4 aT 4 +=) i| = -| =- = r. ——i ¢ S because Im (= j= AT and 
-tir > a =-2. So, for allr > 0, NC 21) ZS, u that S is not open. Oo 


S is closed. To see this, we show that T = C \ S = {z € C | Im z > - 2} is open. 


Letw € T and letr = 2 + Im w. We will show that N, (w) © T. Letz € N,(w). Then we have 
Im w — Imz = Im (w =- z) < |w -= z| =|z-w|<r=2+Imw. So, -Imz<2, and 
therefore, Im z > -2. So, z ET. Since z € N,(w) was arbitrary, we have shown that 
N,(w) & T. So, T is open, and therefore, S = C \ T is closed. Oo 


Note that S = {i" | n € Z*} is a finite set consisting of just four complex numbers. Indeed, 
S = {1,-1,i,-i}. 

S is not open. To see this, let N;(i) be an arbitrary r-neighborhood of i. Then i + : € N;(i) 
because (i + 2) — i| = [l = <r, buti + A ¢ S because i + is not equal to 1,- 1,i, or 
=f; m 
S is closed. To see this, we show that T = C \ S is open. 

Let w E T and let r = min{|w — 1|, |w + 1], |w — il, |w + il}. 


We now show that N,(w) ET. Since r < |w — 1|, 1 € N,(w) (otherwise, |w — 1| < r). 
Similarly, - 1, i, and - i € N,(w). So, if z E N,(w), then z € S, and so, z ET. 


By Theorem 7.4, C \ S is open. Therefore, S is closed. o 
S={z E€ C|2 < |z-— 2| < 4}is open and not closed. 


To see that S is open, let z € S and let r = min{|z — 2| — 2,4 — |z — 2|}. We show that 
D, (z) © S. Let w E D,(z). Then |w — z| < r. So, |w — z| < 4 — |z — 2|. Therefore, we have 
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8. 


Proofs: 


(ii) 


(iii) 


|w — z| + |z — 2| < 4, and so, |w — 2| = |w—z+z—-2| <|w—z|+|z-—2| < 4. 
Also, |w — z| < |z — 2| — 2. So, we have 

2 < |z- 2|-ļ|w -z| =|z-w +w- 2|- |w -z| < |z- wļ| + Įw -2| — |w -z| 

= |w = z| + |w - 2| — |w - z| = |w =- 2|. 

So, 2 < |w — 2| < 4, and therefore, w E S. 
Since z € S was arbitrary, S is open. 
To see that S is not closed, we show that C \ S = {z € C||z — 2| < 2 or |z — 2| = 4} is not 
open. To see this, first note that |6 — 2| = |4| = 4 > 4, and so, 6 € C \ S. Let N, (6) be an 
r-neighborhood of 6 and let k = min {1,7} then we have 6—k €N,(6) because 
I(6—k)-6ļ| = |-k| =k < : <r. However, 6—k ¢ C\S. To see this, first observe that 
|((6—k)—2| = |4—k|. If k =1, then |4—k| = |4 — 1| = |3| = 3 and it follows that 
6 — k ¢ C\ S. If k = Z, then 0 <5 < 1, so that-1<-5 <0, and thus, 3 <4—5<4. So, 


3 < |4 -7| < 4 and once again, 6 — k ¢ C \ S. So, C\ S is not open. Therefore, S is not 
closed. o 


Prove the following: (i) An arbitrary union of open sets in C is an open set in C. (ii) A finite 
intersection of open sets in C is an open set in C. (iii) An arbitrary intersection of closed sets in 
C is a closed set in C. (iv) A finite union of closed sets in C is a closed set in C. (v) Every open 
set in C can be expressed as a union of open disks. 


Let X be a set of open subsets of C. and let z € UX. Then z € A for some A E X. Since A is 
open in C, there is an open disk D with z € D and D C A. By Problem 9 from Lesson 6 (part 
(i)), we have A & UX. Since G is transitive (Theorem 2.3 from Lesson 2), D © UX. Therefore, 
UX is open. o 


Let X be a finite set of open sets in C. If NX = Ø, then NX is open by the proof of Problem 7 
(part (i)). Otherwise, let z € NX. By Theorem 7.4, for each A in X, there is an open disk D, 
with center z and radius 74 such that z € D, and D, © A. Letr = min{r, | A € X} and let D 
be the open disk with center z and radius r. Since D = D, for some A E X, z E D. Letw € D 
and let B E€ X. Then |z— w| <r < rpg. So, w E Dg. Since B € X was arbitrary, w € NX. 
Therefore, D © NX, and so NX is open. oO 


Let X be a nonempty set of closed sets in C. Then for each A E X, C \ A is an open set in C. 
By (i), U{C \ AJA E X} is open in C. Therefore,C \ U{C \ AJA E X} is closed in C. So, it 
suffices to show that NX = C \ U{C \ AJA € X}. Well, x € NX if and only if for all A E€ X, 
x € A if and only if for all A € X, x € C\ A if and only if x ¢ U{C \ AIJA E X} if and only if 
x E€ C\ U{C\ AJA E X}. So, NX = C\ U{C \ AJA E X}, completing the proof. Oo 
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(iv) 


(v) 


Let X be a finite set of closed subsets of C. Then for each A E X, C \ Ais an open set in C. By 
(ii), N{C \ AJA E X} is open in C. Therefore,C \ N{C \ AJA E X} is closed in C. So, it suffices 
to show that UX = C\ N{C \ AJA € X}. Well, x € UX if and only if there is an A € X such 
that x €A if and only if there is an AEX such that x € C\A if and only if 
x ¢ N{C\ A|A E X} if and only if x E€ C\ N{C\ AJA E X}. So, UX =C\N{C\ AA EX}, 
completing the proof. oO 


Let X be an open set in C. Since X is open, for each z € X, there is an open disk D, with 
z E D, and D, © X. We Let Y = {D, | z E€ X}. We will show that X = UY. 


First, let z E X. Then z € D,. Since D, € Y, z € UY. Since z was arbitrary, X © UY. 


Now, let z € UY. Then there is w E€ X with z E€ Dwy. Since D, © X, z E X. Since z was 
arbitrary, UY CX. 


Since X © UY and UY & X, it follows that X = UY. oO 


LEVEL 5 


2 


Proofs: 


(i) 


(ii) 


(iii) 


A complex number z is an interior point of a set S of complex numbers if there is a neighborhood 
of z that contains only points in S, whereas w is a boundary point of S if each neighborhood of 
w contains at least one point in S and one point not in S. Prove the following: (i) A set of complex 
numbers is open if and only if each point in S is an interior point of S. (ii) A set of complex 
numbers is open if and only if it contains none of its boundary points. (iii) A set of complex 
numbers is closed if and only if it contains all its boundary points. 


Let S be a set of complex numbers. Then S is open if and only if for every complex number 
z E S, there is an open disk D with z € D and D C S if and only if for every complex number 
z E S, there is a neighborhood of z that contains only points in S if and only if every complex 
number in S is an interior point of S. oO 


Suppose that S is an open set of complex numbers and let z € S. By (i), z is an interior point 
of S. So, there is a neighborhood of z containing only points of S. So, z is not a boundary point 
of S. Since z € S was arbitrary, S contains none of its boundary points. 


We now prove that if S contains none of its boundary points, then S is open by contrapositive. 
Suppose S is not open. By (i), there is z € S such that z is not an interior point. Let N be a 
neighborhood of z. Since z € S, N contains a point in S (namely, z). Since z is not an interior 
point of S, N contains a point not in S. So, z is a boundary point of S. Therefore, S contains 
at least one of its boundary points. oO 


First note that a complex number z is a boundary point of S if and only if z is a boundary point 
of C \ S (because z E S if and only if z ¢ C \ S, and vice versa). 


Let S be a set of complex numbers. Then S is closed if and only if C \ S is open if and only if 
C \ S contains none of its boundary points (by (ii)) if and only if S = C \ (C \ S) contains all 
its boundary points. o 
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10. Let D = {z E€ C | |z| < 1} be the closed unit disk and let S be a subset of D that includes the 
interior of the disk, but is missing at least one point on the bounding circle of the disk. Show that 
S is not a closed set. 


Proof: Let S be a set of complex numbers such that S © D, where D = {z € C | |z| < 1}, such that S 
contains {z € C | |z| < 1}, but is missing some point w with |w| = 1. We will show that w is a 
boundary point of S. To see this, let N be a neighborhood of w with radius r. w is a point in N that is 
not in S. We need to find a point in N that is in S. 


lfr > 1, let z = 0. Since 0 < 1, z E S. Also, |z — w| = |0 — w| = |-w| = |w| = 1 < r. So,z E N. 


2- 
ifr < 1,letz= —w. Then z € N because we have 


2=r Zara E r F r 
lz—w|= > w-w|= see a = | 5 = |-=w| = |-= lw] =L 
2 2 2 2 
Also, we have z E S because |z| = |— =|1 >i 
So, we have found a boundary point of S that is not in S. By Problem 9, part (iii), S is not closed. Oo 


11. Prove that a set of complex numbers is closed if and only if it contains all its accumulation points. 
(See Problem 6 for the definition of an accumulation point.) 


Proof: Suppose that S is a closed set of complex numbers and let a be an accumulation point of S. 
Assume toward contradiction that a ¢ S, and let N be a neighborhood of a. Since a is an accumulation 
point, N contains a point in S. Since a ¢ S, N contains a point not in S (namely, a). So, a is a boundary 
point of S. Since S is closed, by Problem 9 (part (iii)), a E S, contradicting our assumption that a ¢ S. 
So, we must have a € S. Since a was an arbitrary accumulation point of S, we see that S contains all 
its accumulation points. 


Now, suppose that S contains all its accumulation points, and let a be a boundary point of S. Assume 
toward contradiction that a ¢ S. Then each neighborhood of a contains a point in S that is not equal 
to a. So, each deleted neighborhood of a contains a point in S. So, a is an accumulation point of S, and 
therefore, by our assumption that S contains all its accumulation points, a € S. This contradicts our 
assumption that a € S. So, we must have a € S. Since a was an arbitrary boundary point of S, we see 
that S contains all its boundary points. By Problem 9 (part (iii)), S is closed. Oo 


12. Prove that a set consisting of finitely many complex numbers is a closed set in C. (Hint: Show 
that a finite set has no accumulation points.) 


Proof: Let S be a set consisting of finitely many points. We will show that S has no accumulation points. 
Let a E C, and let r = min{|w — a| |w E S Aw + a}. Suppose toward contradiction that the deleted 
neighborhood N(a) = {z | 0 < |z — a| < r} contains a complex number in S. Let’s call this complex 
number w. Since w € S and w + a, by the definition of r, we have |w — al > r. Since w E N©(a), we 
have |w —a| < r. So, r < |w — a| < r, and therefore, r < r, a contradiction. Therefore, a is not an 
accumulation point of S. Since a € C was arbitrary, we have shown that S has no accumulation points. 


Since S has no accumulation points, the statement “S contains all its accumulation points” is vacuously 
true. By Problem 11, S is closed. Oo 
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Problem Set 8 


LEVEL 1 


1. Determine if each of the following subsets of R? is a subspace of R?: 
© A={@ylx+y=0} Gi) B={@y)|xy=0} Git) C={G,y) |2x = 3y}; 
(iv) D = {(x,y) |x E€ Q} 
Solutions: 
(i) Since 0 +0 = 0, (0,0) E A. 
Let (x, y), (z,w) E A. Then x + y = 0 and z + w = 0.Therefore, 
(x+z)+(0y+w)=(x+y)+(z+w)=0+0=0. 
So, (x,y) + (z,w) = (x +z,y +w) EA. 


Let (x,y) E A and k E R. Then x + y = 0. So, kx + ky = k(x + y) =k-0 = 0 (by part (iii) 
of Problem 4 below). 


So, k(x, y) = (kx, ky) € A. 
By Theorem 8.1, A is a subspace of R°. 


(ii) Since 0-1 = 0, we have (0,1) E B. Since 1- 0 = 0, we have (1,0) € B. Adding these two 
vectors gives us (1,0) + (0,1) = (1,1). However, 1-1 = 1 + 0, and so, (1,1) ¢ B. So, B is 
not closed under addition. Therefore, B is not a subspace of R?. 


(iii) Since2-0=0and3-0 = 0,2-0 = 3- 0.Therefore, (0,0) E C. 
Let (x, y), (z,w) E C. Then 2x = 3y and 2z = 3w.Therefore, 
2(x +z) = 2x + 2z = 3y + 3w = 3(y + w). 
So, (x,y) + (z,w) = (x+ z,y +w) EC. 
Let (x,y) E C and k E R. Then 2x = 3y. So, 2(kx) = k(2x) = k(3y) = 3(ky). 
So, k(x, y) = (kx,ky) € C. 
By Theorem 8.1, A is a subspace of R°. 


(iv) Since 1 € Q, (1,0) € D. Now, V2(1, 0) = (v2, 0) ¢ D because V2 ¢ Q. So, D is not closed 
under scalar multiplication. Therefore, D is not a subspace of R?. 


2. For each of the following, determine if the given pair of vectors v and w are linearly independent 
or linearly dependent in the given vector space V: (i) V=Q’*, v= (3,2,2,-1), 


w=(-1,-5,-2,-2); Gi) V=R, v=(1,v2,1), w=(v22,v2); di) V=C°, 
Q a b 1 2 
v = (1,i,2-1,0,31), w = (-i,1,-1—23,0,3); (vy) V=MS, v= |a 3,|,w=|, 7 
2 2 ə 

2 


(a + 0,a £ b); (v) V = {ax* + bx + c | a,b,c E R}, v = x, w = x? 
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Solutions: 


2 1 


ü -3w =-3(-1,-2,-2,-+) = 63, 2,2,1). Since -3(- 1) = 3, but -3 (-Ż) # —1, v and w 


are not scalar multiples of each other. Therefore, v and w are linearly independent. 

(ii) V2v = v2(1; V2, 1) = (v2, 2, V2) = w. So, v and w are scalar multiples of each other. 
Therefore, v and w are linearly dependent. 

(iii) -iv =-i(1,i,2 — i, 0,3i) = (-i,1,- 1 — 2i,0,3) = w. So, v and w are scalar multiples of 
each other. Therefore, v and w are linearly dependent. 


b 


b 
= a 
“IS E sal Since a: 1 =a, but a- 3 = 3a + 3b, v and w are not scalar 
3 2 


1 
(iv) aw=a], 


2 
multiples of each other. Therefore, v and w are linearly independent. 


(v) Ifk €R, then kx + x?. So, x and x? are not scalar multiples of each other. Therefore, v and 
w are linearly independent. 


LEVEL 2 


3. Let F bea field. Prove that F” is a vector space over F. 
Proof: We first prove that (F”, +) is a commutative group. 


(Closure) Let (a4, a32, ...,An), (b1, bz, ..., bn) E F”. Then ay, az, ... , an, b1, bz, ...,by, E F. By definition, 
(a1, Az, ..., An) + (by, bz, .., bn) = (Ay + Dy, az + b», ..., an + bn). Since F is closed under addition, 
a + by, az + bz, ..., an + bn E F. Therefore, (a4, a2, ..., an) + (ba, bz, ..., bn) E F”. 


(Associativity) Let (a4, a2, ..., an), (bi, bo, «, Dn), (C1, C2, +, Cn) E F”. Since addition is associative in F, 
we have 
[(ay, azis; An) Hbr Ba] + (eq, C2, +, Cn) = (A, + By, Az + Do, «1, An + Ba) + (Cb CaCa) 
= ((a, + by) + c, (az + b2) + c2, ..., (an + bn) + Cy) 
= (a, + (bı + cy), az + (bz + c2), ..., an + (bn + cn)) 
= (ais Qz, ...,An) + (by + Ci, ba + Ca, -.., bn + Cn) 
= (a,, a2, ast) + [(bi, bo, airy) bn) + (Cx, C>; 1.) Cals 
(Commutativity) Let (a4, az, ..., an), (by, b2, ..., Dn) E F”. Since addition is commutative in R, we have 
(ai, a2, ..,An) + (by, bo, .., bn) = (A, + b1, az + do, ..., an + bn) = (by + a b2 + Az, ..., bn + an) 
= (bu Dag nrg Og) F Cy sip) 
(Identity) We show that (0, 0,...,0) is an additive identity for F”. Let (a4, a2, ..., an) E F”. Since 0 is 
an additive identity for R, we have 
(0,0, ...,0) + (ay, Q2, ---, an) = (0+ a1, 0 + a, ..., 0 + an) = (a1, 2,..., An). 
(ai, a2, ..., an) + (0,0,...,0) = (a, + 0, az + 0, ..., an + 0) = (a4, a2, ..., An). 
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(Inverse) Let (a4, az, ..., an) E F”. Then aj, dz, ..., An E F. Since F has the additive inverse property, 
- d1,- Az, ..,-Ay E F. So, (- a4, - dp, ...,- An) E F” and 


(ais Q2, «+, An) + (- Ay, - Q2, ...,-An) = (a1 —41, Az — Az, ..., An — An) = (0,0,...,0). 


(- ai, - Ap, -.-.,- An) + (Ay, Q2, ...,An) = (- a4 + a4,- a2 + Q3, ...,- An + an) = (0,0, ..., 0). 
Now, let’s prove that F” has the remaining vector space properties. 


(Closure under scalar multiplication) Let k € F and let (a4, az, ..., an) E F”. Then a4, Q3, ..., an E F. By 
definition, k(a4, a2, ..., an) = (ka, kaz, ..., kan). Since F is closed under multiplication, 
ka, kav, ..., ka, E F. Therefore, k (a4, az, ..., an) E F”. 


(Scalar multiplication identity) Let 1 be the multiplicative identity of F and let (a4, a2, ..., an) E F”. 
Then 10 Gp ing) = (Ag läns lan) = (Arare an): 


(Associativity of scalar multiplication) Let j,k € F and (aj, dz, ..., an) € F”. Then since multiplication 
is associative in F, we have 


(ik) (Ay, dy, An) = (Gk) ay, (fk) ag, ..., Gan) = Gi(kay), j (Kaz), .., Ra 
= j(ka,,kaz,..., kan) = j(k(a1,a>, iraa) ): 
(Distributivity of 1 scalar over 2 vectors) Let k € F and (aj, dp, ..., an), (by, bo, ..., Dn) E F”. Since 
multiplication is distributive over addition in F, we have 
k((a1, az, +, an) + (bi, ba, bn) ) = k( (a + by, az + ba, ..., an + bn)) 
= (k(a, + bı), k(az + b2), ...,k(aņ + bn)) = ((Kay + kb,), (kaz + kbz), ..., (kan + kbn)) 
= (ka, kaz, iaj kay) + (kb,, kb», any kb,) = k(a,, a2, ia An) + k(bi; bo, AT Da): 


(Distributivity of 2 scalars over 1 vector) Let j,k € F and (a4, a3, ..., an) E F”. Since multiplication is 
distributive over addition in F, we have 


G + k)(a4, az, ..., an) = (g + k)a,,G + k)az,..,G + k)an) 
= (fa, + kay, jaz + kaç, ... jan + kan) = Gay, jaz, jan) + (kay, kaz, ..., kan) 
= j (dy az nce Oy) FR Ggy az an). 
4. Let V be a vector space over F. Prove each of the following: (i) For every v E V, - (- v) = v; 
(ii) For every v E V, Ov = 0; (iii) For every k € F, k - 0 = 0; (iv) For every v E V, - 1v = - v 
Proofs: 


(i) Since - v is the additive inverse of v, we have v + (- v) = -v + v = 0. But this equation also 
says that v is the additive inverse of - v. So, - (- v) = v. m 


(ii) Letv E V. Then Ov = (0 + 0)v = Ov + Ov. So, we have 

0=-0v + 0v =-0v + (0v + Ov) = (-0v + 0v) + Ov = 0 + Ov = Ov. Oo 
(iii) Letk €F.Thenk-0=k(0+0) =k-0+Kk-0. So, we have 
0=-k-0+k-0=-k-04+(k-0+k-0)=Ck-04+k-0)+k-0=04+k-0=k-0. o 
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(iv) Letv E V. Then we have v + (-1v) = 1v + (- 1v) = (1 +(- 1))v = 0v = 0 by (ii) and we 
have -1lv+v=-1v+1v= (-1 + 1)v = 0v = 0 again by (ii). So, - 1v = - v. o 


LEVEL 3 


5. Let V be a vector space over a field F and let X be a set of subspaces of V. Prove that NX is a 
subspace of V. 


Proof: Let V be a vector space over a field F and let X a set of subspaces of V. For each U € X, 0 EU 
because U < V. So, 0 € NX. Let v,w € NX. For each U E X, v,w E U, and so, v +w E U because 
U <V. Therefore, v +w E NX. Let ve NX and k EF. For each U EX, v EU, and so, kv E U 
because U < V. Therefore, kv € NX. By Theorem 8.1, NX < V. o 


6. Prove that a finite set with at least two vectors is linearly dependent if and only if one of the 
vectors in the set can be written as a linear combination of the other vectors in the set. 


Proof: Suppose that S = {v4}, V2, ..., Vn} is a linearly dependent set with at least two elements. Then 

there are weights C,C2,...,Cp, not all O such that cvi + C2V3 ++ + CnYn = 0. Without loss of 

generality, assume that c4 # 0. We have c, vy = -C2V2 — ++ — Cy Vn, and so, Vy = -2p, thee ae 
ul 1 

So, Vv, can be written as a linear combination of the other vectors in S. 

Now, suppose that one of the vectors in S can be written as a linear combination of the other vectors 

in the set. Without loss of generality, assume that v4 = C2V2 + +++ + Cp Vp. Then we have 


Üi = 6) = =c, 0, = 0. 


Since the weight of v, is 1, this is a nontrivial dependence relation. This shows that S is a linearly 
dependent set. o 


LEVEL 4 


7. Let U and W be subspaces of a vector space V. Determine necessary and sufficient conditions 
for U U W to be a subspace of V. 


Theorem: Let U and W be subspaces of a vector space V. Then U U W is a subspace of V if and only if 
USWorWG&U. 


Proof: Let U and W be subspaces of a vector space V. If U CW, then U UW = W, and so, U U W isa 
subspace of V. Similarly, if W © U, then U UW = U, and so, U U W is a subspace of V. 


Suppose that U £ W and W € U. Let x E U \W and y E W \ U. Suppose that x + y E U. We have 
-x E U because U is a subspace of V. So, y = (-x +x) +y=-x+(x+y) EU, contradicting 
y E W \ U. So, x + y Ẹ U. A similar argument shows that x + y € W. So, x + y € U U W. It follows 
that U U W is not closed under addition, and therefore, U U W is not a subspace of V. o 


Note: The conditional statement p > q can be read “q is necessary for p” or “p is sufficient for q.” 
Furthermore, p © q can be read “p is necessary and sufficient for q” (as well as “q is necessary and 
sufficient for p.” 
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So, when we are asked to determine necessary and sufficient conditions for a statement p to be true, 
we are being asked to find a statement q that is logically equivalent to the statement p. 


Usually if we are being asked for necessary and sufficient conditions, the hope is that we will come up 
with an equivalent statement that is easier to understand and/or visualize than the given statement. 


8. Give an example of vector spaces U and V with U © V such that U is closed under scalar 
multiplication, but U is not a subspace of V. 


Solution: Let V = R? and U = {(x,y) |x = Oory = 0 (or both)}. Let (x,y) E U and k E R. Then 
k(x, y) = (kx, ky). If x = 0, then kx = 0. If y = 0, then ky = 0. So, k(x, y) E€ U. So, U is closed under 
scalar multiplication. Now, (0,1) and (1,0) are in U, but (1,1) = (0,1) + (1,0) ¢ U.So, U £V. a 


LEVEL 5 


9. Let S be a set of two or more linearly dependent vectors in a vector space V. Prove that there is 
a vector v in the set so that span S = span S \ {v}. 


Proof: Let S = {v, V2, ..., Vn} be a set of two or more linearly dependent vectors in V. By Problem 6, 
one of the vectors in the set can be written as a linear combination of the other vectors in the set. 
Without loss of generality, assume that v, can be written as a linear combination of the other vectors 
in the set, say Vy = kivi + kava +++ + kn-1Vn-1. We show that span S = span S \ {v,}. Let 
v E span S. Then there are weights c4, Cp, ...,Cy With V = C1V1 + C2V2 +++: + CnYn. SO, we have 


V = CV + CVa He + Cy Vy = CV + CVa Ho + ey (kv, + kava + + + kn-1Vn-1) 
= (cy T Cnk1) vı Ig (c2 F Cnk2)v2 qae om F Cni Kni) Vnesi € span S ‘ tte 


So, span S € span S \ {vn}. Since it is clear that span S \ {v,} © span S, span S = span S \ {vn}. O 


10. Prove that a finite set of vectors S in a vector space V is a basis of V if and only if every vector 
in V can be written uniquely as a linear combination of the vectors in S. 


Proof: Suppose that S = {v4, V2, ..., Vn} is a basis of V. Then span{vq, vz, ..., Vn} = V. So, if v E V, then 
v can be written as a linear combination of the vectors in S. Suppose there are weights Cy, Co, ..., Cn and 
dı, dz, ...,d, such that v = cV + C2V2 + °° + Cy Vy, and v = dyv,dc2Vvz + +++ + d,V,. Then we have 
Cy Vy + CVa Ho + Cyn = di vidC V ++: + dyVy, and so, 


(Cy — dy) F (Cg — dg) Fo + (Gy — Ey =O 


Since S is a linearly independent set of vectors, c4 —d, = 0,cz — d; = 0, ...,Cn — dn = 0, and 
therefore, c4 = d4, C2 = dp, ...,Cn = dy. So, the expression of v as a linear combination of the vectors 
in S is unique. 


Now, suppose that each vector in V can be written uniquely as a linear combination of the vectors in 
S. Since each vector in V can be written as a linear combination of the vectors in S, we have that 
span{vı, V2, ...,V,} = V. Since Ov, + Ov, + +++ + Ov, = 0, by the uniqueness condition, the only way 
C1V1 + CV + +++ + CnYVn = 0 could be true is if all weights are 0. So, S is linearly independent, and 
therefore, S is a basis of V. 
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11. Let S = {v4, V2, ..., Vm} be a set of linearly independent vectors in a vector space V and let 
T = {W1,W2, ..., Wn} be a set of vectors in V such that span T = V. Prove that m < n. 


Proof: If V = {0} or S consists of just one vector, then there is nothing to prove. So, let’s assume that 
V # {0} and S has at least two vectors. Note that since V # {0}, T has at least one vector. 


Let To = T = {W1,W2, ...,Wy}. Since span Tọ = V, vı can be written as a linear combination of the 
vectors in Ty. By Problem 6, {W4, W3, ..., Wp, Vz} is linearly dependent. Let c4, C2, ..., Cn, d be weights, 
not all of which are 0, such that cyw, + C2W2 + = + CyWy, + dv, = 0. We claim that for some 
i=1,2,...,n, ci #0. If d = 0, then since one of the weights must be nonzero, some c; must be 
nonzero. Suppose d + 0. If every c; = 0, then dv, = 0. Since d + 0, v, = 0, contradicting the linear 
independence of S. In both cases, we must have c; # 0 for some i. Without loss of generality, assume 


that c4 # 0. Then w; = -2 wy, te Wp - Zo, Let T4 = {w,, ..., Wn, V1}. By the proof of Problem 
1 1 al 


9, we have span {W}, W3, ..., Wn, V1} S span T. So, span T, = V. 


At this point, note that if T had just one vector, then T; = {v1}. Since span T; = V, v, would be a scalar 
multiple of v4, contradicting the linear independence of S. So, T has at least two vectors. If S has only 
two vectors, then we are done. Otherwise, we continue as follows. 


Since span T} = V, {W, ..., Wn, V4, V2} is linearly dependent. Let C2, ... , Cn, d4, dz be weights, not all of 

which are 0, such that cw, + = + CnWn + divi + dav = 0. We claim that for some i = 2,...,n, 

ci + 0. If d; = 0 or d, = 0, we can use the same argument in the last paragraph to show that some c; 

must be nonzero. Suppose d, + 0 and d, + 0. If every c; = 0, then d,v, + dv, = 0, contradicting 

the linear independence of S. In both cases, we must have c; + 0 for some i. Without loss of generality, 
Cn 


c d d 
assume that c, # 0. Then w, = s Ws apne a =U — z Valet Tə = {Wa, «Wr, V1, V2}. By 


the proof of Problem 9, we have span {w,, ..., Wn, V1, V2} E span T}. So, span T, = V. 


Observe that if T had just two vectors, then T, = {v,, v2}. Since span T, = V, v3 could be written as a 
linear combination of v4 and v,, contradicting the linear independence of S. So, T has at least three 
vectors. If S has only three vectors, then we are done. Otherwise, we continue in the same way. 


Assuming T;-1 = {w;, sag Wi Vir Vaga vja} and span 7;_, = V, we have {w;, sig Wa Vin Vay oxi Vj-1,0;} 
linearly dependent. Once again, reindexing the ws if necessary, and letting 
T; = {Wj np Wag Vs Uaes Vj- Vj}, by an argument just like that given in the first paragraph, we can 
show that span {w;, stay Wy Vy V9; ing. © span T}. So, span T; = V. 


Ifj < mand T had just j vectors, then T; = Ini V2, iii Since span T; = V, vj+ı could be written as 
a linear combination of the vectors V4, V,..., Vj, contradicting the linear independence of S. So, T has 
at least j + 1 vectors. If j = m, we have shown that m < n. Otherwise, we continue in the same way. 
This procedure terminates in m steps. m 


12. Let B be a basis of a vector space V with n vectors. Prove that any other basis of V also has n 
vectors. 
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Proof: Let B be a basis of V with n vectors. Let B’ be another basis of V with m vectors.Let B. Since B’ 
is a basis of V, B’ is a linearly independent set of vectors in V. Since B is a basis of V, span B = V. By 
Problem 11, m < n. Similarly, we have that B is a linearly independent set of vectors in V and 
span B’ = V.So,n < m. Since m < nandn < m, we have m = n. So, B’ has n vectors. oO 
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Problem Set 9 


LEVEL 1 


1. Let @ be the following statement: (p A nq) © alp V (ar > q)]. (i) The statement @ is 
abbreviated. Write @ in its unabbreviated form. (ii) Write down all the substatements of @ in 
both abbreviated and unabbreviated form. 


Solutions: 


() (eaa) e (fp Vv (Gr) = @)))) 


(ii) Abbreviated forms: p, q, r, nq, ar, p Anq, ar > q, pV (Ar > q), alp V (Ar > q)] 


Unabbreviated forms: p, q, r, (nq), (Ar), (p A (=q)), (r) => q), (p V (r) = q)), 
(fp v (Gar) > @))) 


2. Verify all the logical equivalences given in List 9.1. 


Solutions: 

1. Law of double negation: p = 4(-p): This was done in Example 9.3. 

2. De Morgan’s laws: =(p A q) = ap V ~q: This was done in Example 9.4 
A(p V q) = 3p A-7gqg: Let 6 =7A(pVq) and let Y = ~p Anq. If p=T or q =T, then 
$ =~T =F andw =F (because =p = F of ~q = F). If p = F and q =F, then p =F =T 
and Y = T AT =T. So, all four possible truth assignments of p and q lead to the same truth 
value for @ and w. It follows that @ = w. 

3. Commutative laws: p Aq = q Ap, pV q = q V p: Look at the truth tables. 

4. Associative laws: (pAq)Ar=pA(qAr), @Vq)Vr =pV (q Vr): Draw truth tables. 


5. Distributive laws: p A (q Vr) = (pAq)V(pAr),pV (Ar) = PV q) A(@ Vr): Draw truth 
tables. 

6. Identity laws: p AT = p: Let 6 =pAT and let y =p. If p=T, then @6=TAT=T and 
W =T. If p =F, then ọ = FAT = F and W = F. So, both possible truth assignments of p lead 
to the same truth value for @ and w. It follows that @ = w. 
pAF=F:Letd@ = pA Fandletp = F.Ifp = T,theng@ = TAF = Fandy =F. If p = F, then 
$ = FAF= Fandy =F. So, both possible truth assignments of p lead to the same truth value 
for œ and w. It follows that = w. 
pVT=T: Let d =pVT and lety =T. If p=T, then@d=TVT=T and4 ST. If p=F, 
then @d = FVT = Tandy = T. So, both possible truth assignments of p lead to the same truth 
value for @ and w. It follows that @ = y. 
pVF=p:Letġ = pV Fandlety = p.Ifp =T,thend = TVF = Tandy =T. If p = F, then 
$ =FVF= Fandy =F. So, both possible truth assignments of p lead to the same truth value 
for œ and y. It follows that @ = w. 
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7. 


10. 


i 


Negation laws: p A ap = F: Let ġ = p Aap and let y =F. If p = T, then @d = TAF =F and 
yp =F. If p =F, then ọ = FAT =F and 4 = F. So, both possible truth assignments of p lead 
to the same truth value for @ and Ņ. It follows that @ = w. 


pVap =T: Le 6=pV-p and let y =T. If p =T, then 6 =TVF=T and WET. If 
p =F, then p =FVT=T and 4 =T. So, both possible truth assignments of p lead to the 
same truth value for @ and w. It follows that @ = w. 


Redundancy laws: p A p = p: Let @ = p Ap and let y = p. Ifp =T, then @ = TAT =T and 
yp =T.Ifp =F, then ġ = FAF = Fand y = F. So, both possible truth assignments of p lead 
to the same truth value for @ and w. It follows that @ = w. 


pVp=p:letd=pVpandletw =p. lIfp =T,thend=TVT=Tandp =T. Ifp =F, then 
$ =FVF= Fandy =F. So, both possible truth assignments of p lead to the same truth value 
for œ and y. It follows that ġ = w. 


Absorption laws: (pVq)Ap=p: Let 6=(pVq)Ap and let p=p. If p=T, then 
pPVQG=TVq =T. So, 6=TAT =T. Also, p =T. If p =F, then ġ = (PV q) AF =F and 
W = F. So, all four possible truth assignments of p and q lead to the same truth value for @ and 
W. It follows that d = w. 


(pAq) Vp =p: Let d = (pAq) Vp and let Y = p. If p =T, then p= (pAq) VT =T and 
yp =T. If p =F, thenpAgq =FAq =F.So,@ = F VF =F. Also, w = F. So, all four possible 
truth assignments of p and q lead to the same truth value for œ and w. It follows that @ = w. 


Law of the conditional: p > q = ap V q: Let@=p-—q and let Y = =p V q. If p= F, then 
ġp=Fsq2=T and y=TVq=T. i gal, Meno =p=T=T and Yy==pVT=T. 
Finally, if p = T and q = F, then ọ = T > F = F and Y = F VF = F. So, all four possible truth 
assignments of p and q lead to the same truth value for @ and w. It follows that @ = w. 


Law of the contrapositive: p > q = ~q > nap: Let d =p>q and let Y = nq > ~p. If 
p=F, then p= F>q2=T and v=aqgeT=T.. If g='1, then @=p—T=T and 
veraap= T. Finaly, ifp = Tandg =F theng ET >F= Fandy = T>F= F. So all 
four possible truth assignments of p and q lead to the same truth value for @ and yw. It follows 
that d = y. 

Law of the biconditional: peq =(p>q)^A(q>p) Lt p=pq and let 
p =((p >q) (q >p). lfp =T,thnġp =T>q=q, Y= (T>q)Alq>T)=qAT=q. 
fp=F,ġ=FĦeq =q, 4 = (F > q)^(q >F) =TA^aq = nq. So, all four possible truth 
assignments of p and q lead to the same truth value for @ and w. It follows that @ = w. 


LEVEL 2 


3. 


Proof: 


Let ġ, Y, and T be statements. Prove that œ H yY and Y F- tT implies ġ F T. 


Let ġ, p, and T be statements with @ F Y andy t T. Let a be a truth assignment that makes 


f true. Since @ - Y, a makes w true. Since Y + T, a makes T true. Since a was an arbitrary truth 
assignment that makes ¢ true, @ F T. m 


Notes: 


(1) Recall that the symbol + is pronounced “tautologically implies.” 
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(2) If a truth assignment a makes a statement ¢ true, we say that a satisfies ġ. If a makes ¢ false, we 
say that a does not satisfy œ. 


4. Let ġ and y be statements. Prove that o + w if and only if @ > w is a tautology. 


Proof: Let @ and w be statements and assume that @  w. Let a be a truth assignment of the 
propositional variables appearing in @ or w or both. If a satisfies @, then a satisfies w (because 
pt 4). It follows that d > Y = T >T = T. If a does not satisfy ġ, then ġ > y = F > W = T. So, we 
have shown that every truth assignment makes ¢ > wy true. Therefore, ġ > y is a tautology. 


Conversely, assume that @ > w is a tautology, and let a be a truth assignment that satisfies @. If a 
does not satisfy y, then we would have ġ > y = T > F =F. So, a must satisfy Y. Since a was an 
arbitrary truth assignment that satisfies ġ, @ H- w. o 


LEVEL 3 


5. Determine if each of the following statements is a tautology, a contradiction, or neither. (1) p A p; 
(ii) paap; Gii) (PV ap) > (PAP); (iv) ap Vq) e (apra); (v) p> (nqr); 
(vi) eq) > (p >q) 

Solutions: 

(i) Ifp =T,thenpAp=TATE=T.lfp =F, thenpAp=FAF =F. Neither 

(ii) p A ap = F. Contradiction 

(iii) (œ V ap) > (p A ap) = T > F =F. Contradiction 

(iv) Since ~n(p V q) = ap A ~q (De Morgan’s law), ~(p V q) e (ap A anq) is a Tautology. 


(v) If p = F, then we have p > (~q Ar) = F > (nq Ar) ST. If p =T andr =F, then we have 
p> (aq Ar) =T > Gq AF) =T >F =F. Neither 


(vi) Since (p e q) = (p > q)A^A(q >p) (by the law of the biconditional), we have that 


(p © q) © [p > q) A (q > p)] is a tautology. In particular, (p © q) F [p > q) ^ (q > p)]. 
Since we also have (p > q) A (q >p)-p >q, by transitivity of H (Problem 3 above), 
(p e q) į p > q. Therefore, by Problem 4 above, (p e q) > (p > q) is a Tautology. 


6. Verify all the rules of inference given in List 9.2. 


Modus Ponens Modus Tollens Disjunctive Syllogism Hypothetical Syllogism 
p>q p>q pVvq p>q 
p =q =p q >r 
q 1p q pr 


Modus Ponens: This was done in Example 9.8. 


Modus Tollens: Suppose that p > q = T and nq = T. Then q = F, and therefore, we must have 
p= F.56, ap =T. 
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Disjunctive Syllogism: Suppose that p V q = T and ap = T. Then p = F, and therefore, we must have 
C= tf, 

Hypothetical Syllogism: Suppose that p > q = T andq ~r=T.Ifp = T, then since p > q = T, we 
must have q = T. Since q > r = T, we must have r = T. Since p = T andr = T, we have p >r =T. 
tp= F thenp>r=T. 


Conjunctive Disjunctive Biconditional Constructive Dilemma 
Introduction Introduction Introduction p> q 

p p p>q r>s 

q pVvq q >P pVr 

pAq peq q Vs 


Conjunctive Introduction: Suppose that p = T and q = T. Then p Aq ET. 

Disjunctive Introduction: Suppose that p = T. Then p Vq =T. 

Biconditional Introduction: Suppose that p > q = Tand q > p =T. If p = T, then since p > q =T, 
we must have q = T. Since p = T and q = T, we have p e q = T. If p = F, then since q > p = T, we 
must have q = F. Since p = F and q = F, we have p e q =T. 

Constructive Dilemma: Suppose that p > q =T,r>s=T,andpVr=T.lfq=Fands =F, then 


since p > q = T, we must have p = F. Since r > s = T, we must have r = F. But then p Vr = F. So, 
there is no truth assignment satisfying p > q, r > s, and p V r that will make q Vs =F. 


Conjunctive Disjunctive Biconditional Destructive Dilemma 
Elimination Resolution Elimination p>q 
pAq pvq peq r>s 
p ap Vr p>q aq V aS 
qvr pvr 


Conjunctive Elimination: Suppose that p A q = T. Then p = T and q = T. In particular, p = T. 


Disjunctive Resolution: Suppose that pVq =T and apVre=T. If q =F and r =F, then since 
p V q = T, we must have p = T. Since np V r = T, we must have ap = T. But then p A ap = T, which 
is impossible. So, there is no truth assignment satisfying p V q and ap V r that will make q Vr =F. 


Biconditional Elimination: Suppose that p e q =T. If p > q =F, then p = T and q = F. But then 
p © q = F. So, there is no truth assignment satisfying p e q that will make p > q =F. 


Destructive Dilemma: Suppose that p > q = T,r > s = T, and nq V as = T. If np = F and ~ar =F, 
then p = T andr = T. Since p > q = T, we must have q = T. Since r > s = T, we must have s = T. 
Then nq =F and as = F. Thus, aq V as = F. So, there is no truth assignment satisfying p > q, 
r > s,and anq V as that will make ap V ar = F. 
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LEVEL 4 


7. Determine whether each of the following logical arguments is valid or invalid. If the argument is 
valid, provide a deduction. If the argument is invalid, provide a counterexample. 


I H HI IV 


pvq a(p ^q) ap p>q 
q q pVr P => i 
p ap q SF [Oo iP 
=q 
Solutions: 
I. If we let p = F and q = T, then pV q = FVT =T. So, we have found a truth assignment 
that makes the premises true and the conclusion false. Therefore, the argument is invalid. 
Il. Here is a derivation. 
1|A(pAq) Premise 
2iq Premise 
3 | —=pV-q_ De Morgan’s law (1) 
4 | ~al nq) Law of double negation (2) 
5 | ip Disjunctive syllogism (3, 4) 


Therefore, the argument is valid. 


HI. Here is a derivation. 


1 | 7p Premise 

2|/pvr Premise 

3 | q > Sr Premise 

4lr” Disjunctive syllogism (2, 1) 
5 | =a") Law of double negation (4) 
6 | =q Modus tollens (3, 5) 


Therefore, the argument is valid. 


IV. If we let p=T, g@=T andr =F, then p>q=T>T=T,r>~q=F>F=T, and 
p >r =T > F =F. So, we have found a truth assignment that makes the premises true and 
the conclusion false. Therefore, the argument is invalid. 


8. Simplify each statement. (i) pV(pA np); (ii) (^q) Vap; (iii) ap > (~q > p); 
(iv) @ Anq) Vp; V) aap) vq] a[l Vp) Ap] 
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Solutions: 
(i) pV (PAnp) =pVF=p. 
(ii) @ Aq) V ap = (PV mp) A (QV ap) =TA (QV ap) = QV ap = pV q. 
(iii) np > (nq > p) = PV (nq > Dp) = PV |GVp) =PV(PVg) = (PVP)VG=PV4. 
(iv) (p Aq) V p = p (Absorption). 
(v) [(@Ap)VaqlAla@vVp) Ap] =(@Ap) va] EV aq) Ap] = q Ap (Absorption ) = p Aq. 


LEVEL 5 


9. Determine if the following logical argument is valid. If the argument is valid, provide a 
deduction. If the argument is invalid, provide a counterexample. 


If a piano has 88 keys, then the box is empty. 

If a piano does not have 88 keys, then paintings are white. 

If we are in immediate danger, then the box is not empty. 
Therefore, paintings are white or we are not in immediate danger. 


Solution: Let p represent “A piano has 88 keys,” let b represent “The box is empty,” let w represent 
“Paintings are white,” and let d represent “We are in immediate danger.” We now give a deduction 
showing that the argument is valid. 


1 |p>b Premise 

2 | =p we Premise 

3 | 0 Premise 

4 |aw->-7(-p) Law ofthe contrapositive (2) 
5 [Ww =p Law of double negation (4) 
6 |aw->b Hypothetical syllogism (5, 1) 
7 =~(ab)>~d Law ofthe contrapositive (3) 
8 Ib>~nd Law of double negation (7) 
9 | ~w > ~nd Hypothetical syllogism (6, 8) 
10| ~(aw)V ~d Law ofthe conditional (9) 

11 |wV~ad Law of double negation (10) 


Therefore, the argument is valid. 
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10. Determine if the following logical argument is valid. If the argument is valid, provide a 
deduction. If the argument is invalid, provide a counterexample. 


Tangs have fangs or tings have wings. 

It is not the case that tangs have fangs and tings do not have wings. 

It is not the case that tangs do not have fangs and tings have wings. 
Therefore, tangs have fangs and either tings have wings or tangs do not have 


fangs. 


Solution: Let f represent “Tangs have fangs,” let w represent “Tings have wings.” We now give a 
deduction showing that the argument is valid. 


Therefore, the argument is valid. 


Oo oo N DU A W N Be 


tVw 
A(t A aw) 
a(at A w) 


at V n(Aw) 
atVw 
wVw 

w 

wVat 
wvt 
3(At) V aw 
t V mw 
~wVt 
tvt 

t 

t A (wV -t) 
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Premise 

Premise 

Premise 

De Morgan’s law (2) 

Law of double negation (4) 
Disjunctive resolution (1, 5) 
Redundancy law (6) 
Disjunctive introduction (7) 
Commutative law (1) 

De Morgan’s law (3) 

Law of double negation (10) 
Commutative law (11) 
Disjunctive resolution (9, 12) 
Redundancy law (13) 


Conjunctive introduction (14, 8) 


Problem Set 10 


LEVEL 1 
1. For each set A below, evaluate (i) A?; (ii) P(A); Gii) 4A 
1A=@ 2.A={G} 3.A={0,1} 4A=P({9}) 
Solutions: 
li) @?=@xO=¢. 
{ØF = {Ø} x {Ø} = {@, Ø). 
{0,1} = {0, 1} x {0, 1} = {(0, 0), (0, 1), (1,0), (4, 1)}. 
Since P({Ø}) = {Ø, {Ø}}, we have 
PAAP? = P({O}) x P({O}) = {(G, Ø), (C, {D}), ({O}, Ø), AØ} {OP}. 
(ii) P(O) = {0}; PAAY = {O, {0}}; PAO, 1}) = {O, {0}, {1}, {0,1}}; Since P({O}) = {O, {Ø}, 
we have P(P({0})) = {0, {0}, KOH, {9, (03}}. 
(iii) 99 =O; {9} = {@,9)}; 
0360, 1} = {{(O, 0), (1, 0)}, £(0, 0), (1, 1}, {@, 1), (4, 0}, £00, 1), (1, 3}; 
Papey = 9, Ø}. So, we get 
{{(O, Ø), ({0}, Ø), (CA, Ø), COF {OP}, {@, {O}), ({O}, O)}, (CG, {0}, AO {OPH}. 


2. Find all partitions of the three element set {a, b, c} and the four element set {a, b, c, d}. 


Solution: The partitions of {a,b,c} are {{a}, {b}, {c}, {{a}, {b, c}, {{b}, {a, c}, {{c}, {a, b}}, and 
{{a, b, c}. 


The partitions of {a, b,c, d} are {{a}, {b}, {c}, {da}, {{a}, {b} {c, d}}, {{a}, {c}, {b, d}}, {{a}, {d}, {b, cH}, 
{ohid{lad}, (oLia lac}, (chtdhiab}, (abbicd}, ({ach {bd}}, {fad} {bch}, 
fa, b,c}, {d}}, fa, b,d}, re}, {{a, cadr {b}, {{b, c,d}, {a}}, and fa, b,c, d}}. 


LEVEL 2 


3. For a,b E N, we will say that a divides b, written a|b, if there is a natural number k such that 
b = ak. Notice that | is a relation on N. Prove that (N, | ) is a partially ordered set, but it is not a 
linearly ordered set. 
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Proof: If a E N then a = 1a, so that ala. Therefore, | is reflexive. If a|b and bla, then there are natural 
numbers j and k such that b = ja anda = kb. If a= 0, then b = j -0 = 0, and so, a = b. Suppose 
a#0. We have a=k(ja) = (kj)a. Thus, (kj— 1)a = (kj)a — 1a = 0. So, ki -—1=0, and 
therefore, kj = 1. So, k = j = 1. Thus, b = ja = 1a = a. Therefore, | is antisymmetric. If a|b and b|c, 
then there are natural numbers j and k such that b = ja and c = kb. Then c = kb = k(Ga) = (kj)a. 
Since N is closed under multiplication, kj € N. So, alc. Therefore, | is transitive. Since | is reflexive, 
antisymmetric, and transitive on N, (N, | ) is a partially ordered set. Since 2 and 3 do not divide each 
other, (N, | ) is not linearly ordered. Oo 


4. Prove that for each n € Zt, =, (see part 3 of Example 10.8) is an equivalence relation on Z. 


Proof: Let a E Z. Then a — a = 0 = n : 0. So, nla — a. Therefore, a =, a, and so, =, is reflexive. Let 
a,b E Z and suppose that a =, b. Then n|b — a. So, there is k E€ Z such that b — a = nk. Thus, 
a— b =-(b-—a) =-nk = n(-k). Since k € Z, -k € Z. So, n|a — b, and therefore, b =, a. So, =p is 
symmetric. Let a,b,c € Z with a =, b and b =, c. Then n|b — a and n|c — b. So, there are j,k E Z 
such that b — a = nj and c — b = nk. So, c — a = (c — b) + (b— a) = nk + nj = n(k + j). Since Z 
is closed under addition, k + j € Z. Therefore, n|c — a. So, a =, c. Thus, =, is transitive. Since =, is 
reflexive, symmetric, and transitive, =, is an equivalence relation on Z. A 


5. Let A, B, and C be sets. Prove the following: (i) If A E B, then A x B. (i1) s is transitive. (iii) < 
is transitive. (iv) If A < B and B < C, then A < C. (v) If A < B and B s C, then A < C. 


Proofs: 
(i) Let A © B and define f: A > B by f(x) = x. Then f is clearly an injection, and so, A < B. o 


(ii) Suppose that A s B and B x C. Then there are functions f:A © B and g:B °C. By 
Theorem 10.3, g ° f: A > C. So, A x C. Therefore, < is transitive. oO 


(iii) Suppose that A < B and B < C. Then A s B and B XC. By (ii), A 4 C. Assume toward 
contradiction that A ~ C. Since ~ is symmetric, C ~ A. In particular, C 3 A. Since Cx A 
and A s B, by (ii), C s B. Since B<C and C s B, by the Cantor-Schroeder-Bernstein 
Theorem, B ~ C, contradicting B < C. It follows that A + C, and thus, A < C. o 


(iv) Suppose that A s B and B < C. Then B x C. By (ii), A s C. Assume toward contradiction 
that A ~ C. The rest of the argument is the same as (iii). oO 


(v) Suppose that A < B and B x C. Then A x B. By (ii), A s C. Assume toward contradiction 
that A ~ C. Since ~ is symmetric, C ~ A. In particular, C < A. Since B < C and C < A, by (ii), 
B x A. Since AX B and B A, by the Cantor-Schroeder-Bernstein Theorem, A ~ B, 
contradicting A < B. It follows that A + C, and thus, A < C. oO 


6. Let A and B be sets such that A © B. Prove that P(A) < P(B). 


Proof: Suppose that A © B. We show that P(A) © P(B). Let X € P(A). Then X & A. Since X € A and 
A CB, and € is transitive (Theorem 2.3), we have X & B. Therefore, X E€ P(B). Since X was an 
arbitrary element of P(A), we have shown that every element of P(A) is an element of P(B). 
Therefore, P(A) © P(B). By Problem 5 (part (i)), P(A) < P(B). o 
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LEVEL 3 


7. For f,g € BR, define f < g if and only if for all x € R, f(x) < g(x). Is (ER, s) a poset? Is it 
a linearly ordered set? What if we replace < by <*, where f <* g if and only if there is an x E€ R 
such that f (x) < g(x)? 


Solution: If f € BR, then for all x E€ R, f(x) = f(x). So, f < f, and therefore, < is reflexive. 


Let f,g € BR with f < g and g < f. Then for all x € R, f(x) < g(x) and g(x) < f(x). So, f = g, 
and therefore, = is antisymmetric. 


Let f,g,h € PR with f < g and g < h. Then for all x € R, f(x) < g(x) and g(x) < h(x). So, by the 
transitivity of <, for all x € R, f(x) < h(x). Thus, f < h, and therefore, < is transitive. 


Since < is reflexive, antisymmetric, and transitive, (FR, <) is a poset. 


Let f(x) =x and g(x) = x?. iia f(2) = 2 and g(2) = 4. So, f(2) < g(2). Therefore, g + f. We 
also have f(5)= = Zand g (5) =; ou), aG ) < (5 ). Therefore, f % g. So, f and g are incomparible 
with respect to < Thevefore, Cc R, =) is not a linearly ordered set. 


The same example from the last paragraph gives us f <* g and g =<" f. But f + g. So, 3* is not 
antisymmetric, and therefore, (BR, <*) is not a poset. 


ifn is even 
1 is a bijection. 


8. Prove that the function f: N > Z defined by f(n) =; n 
ifn is odd 


Proof: First note that if n is even, then there is k € Z with n = 2k, and so, Ta a k E€ Z, and if nis 
2 2 
odd, there is k € Z with n = 2k + 1, and so, -77 = -FHT = _ 2k? LD (k+ 1) E Z. So, 


f does take each natural number to an integer. 


Now, — that n,m E N with f(n) = f(m). If n and m are both even, we have ' = =" and so, 


2:-=2-— =. Thus, n = m. If n and m are both odd, we have -1H =-™ and M Thus, 
2° ia a ca So, n+ 1 =m + 1, and therefore, n = m. If n is even and m is odd, then we have 
= =-" so ,2°-= * = 2(- nm). Therefore, n =-(m+1). Since mEN, m20. So, m+121. 


Therefore, n = - bs +1) <-1, contradicting n E N. So, it is impossible for n to be even, m to be odd, 
and f(n) = f(m). Similarly, we cannot have n odd and m even. So, f is an injection. 


Now, let k E Z. If k = 0, then 2k E N and f(2k) = = = k. If k < 0, then - 2k > 0, and so, we have 


-2k — 1 E N. Then f(-2k — 1) = -J = = = k. So, f is a surjection. 
Since f is both an injection and a surjection, f is a bijection. oO 
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9. Define P(N) for each k € N by Pa (N) = N and P,4,(N) = P(P,(N)) for k > 0. Find a set B 
such that for all k E N, P(N) < B. 


Solution: Let B = U{P, (N) | n E N}. Let k E N. Since P(N) © B, by Problem 5 (part (i)), P(N) < B. 
Since k was arbitrary, we have P(N) < B for all k € N. Again, let k € N. We have P(N) < Pk+1 (N) 
and Pk+1 (N) < B. By Problem 5 (part (v)), P(N) < B. Since k € N was arbitrary, we have shown that 
for all k € N, P(N) < B. 


10. Prove that if A ~ B and C ~ D, then AX C ~B xD. 


Proof: Suppose that A ~ B and C ~ D. Then there exist bijections h: A > B and k:C > D. Define 
f:AxC >B xD byf(a,c)= (h(a), k(c)). 


Suppose (a, c), (a',c') E A X C with f((a, c)) = f(a, c"). Then (h(a), k(c)) = (h(a), k(c’)). So, 
h(a) = h(a’) and k(c) = k(c’). Since h is an injection, a = a’. Since k is an injection, c = c’. Since 
a=a'andc =c’, (a,c) = (a’,c’). Since (a,c), (a',c') E€ A X C were arbitrary, f is an injection. 


Now, let (b, d) € B x D. Since h and k are bijections, ht and k~? exist. Leta = h71(b),c = k71(d). 
Then f (a,c) = (h(a), k(c)) = (h(n-*(b)), k(k-*(4))) = (b, d). Since (b, d) € B x D was arbitrary, 


f is a surjection. 


Since f is both an injection and a surjection, Ax C ~B x D. oO 


LEVEL 4 


11. Define a partition P of N such that P ~ N and for each X E€ P, X ~N. 


Proof: For each n EN, let P, be the set of natural numbers ending with exactly n zeros and let 
P = {P, | n € N}. For example, 5231 € Po, 0 E P4, and 26,200 E P}. Let’s define m,n to be the natural 
number consisting of m 1’s followed by n 0’s. For example, 30 = 111 and 75 = 1,100,000. For each 
neEN, {mn | m E N} C P, showing that each P, is equinumerous to N. Also, if k € P, N Py, then k 
ends with exactly n zeros and exactly m zeros, and so, n = m. Therefore, P is pairwise disjoint. This 
also shows that the function f: N > P defined by f (n) = P, is a bijection. So, P ~ N. Finally, if k € N, 
then there is n € N such that k ends with exactly n zeros. So, UP = N. m 


12. Prove that a countable union of countable sets is countable. 
Proof: For each n E N, let A,, be a countable set. By replacing each A,, by A, X {n}, we can assume 
that {A,, | n € N} is a pairwise disjoint collection of sets (A, ~ An X {n} via the bijection f sending x 
to (x,n)). By Problem 11, there is a partition P of N such that P ~ N and for each X € P, X ~ N. Let’s 


say P = {P, |n € N}. Since each A, is countable, for each n EN there are injective functions 
fa: An > Ph. Define f: U{Anln E N} > N by f(x) = ff, (x) if x € An. 


Since {An |n E N} is pairwise disjoint, f is well-defined. 
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Suppose that x,y E€ U{A,|n E N} with f(x) = f(y). There exist n,m E€ N such that x € A, and 


y € Am. So, f (x) = f(x) E P, and fO) = fmO) E Pm. Since F) = f (y), we have fx) = fm). 
Since for n + m, P, N Pn = Ø, we must have n = m. So, we have fa(x) = fa(y). Since fn is injective, 
x = y. Since x, y € U{A,,|n € N} were arbitrary, f is an injective function. Therefore, U{A,|n € N} is 
countable. oO 


13. Let A and B be sets such A ~ B. Prove that P(A) ~ P(B). 


Proof: Suppose that A ~ B. Then there exists a bijection h: A > B. Define F: P(A) > P(B) by 
F(X) = {h(a) | a E X} for each X € P(A). 


Suppose X,Y € P(A) with F(X) = F(Y). Let a€ X. Then h(a) € F(X). Since F(X) = F(Y), 
h(a) € F(Y). So, there is b € Y such that h(a) = h(b). Since h is injective, a = b. So, a € Y. Since 
a E X was arbitrary, X © Y. By a symmetrical argument, Y S X. Therefore, X = Y. Since X,Y € P(A) 
were arbitrary, F is injective. 


Let Y € P(B), and let X = {a E A | h(a) € Y}. Then b € F(X) if and only if b = h(a) for somea E X 
if and only if b E€ Y (because h is surjective). So, F(X) = Y. Since Y € P(B) was arbitrary, F is 
surjective. 


Since F is injective and surjective, P(A) ~ P(B). Oo 


14. Prove the following: (i) NX N~ N.i) Q~N. (ili) Any two intervals of real numbers are 
equinumerous (including R itself). (iv) NN ~ P(N). 


Proofs: 


(i) NxN=U{N x {n}|n € N}. This is a countable union of countable sets. By Problem 12, 
N x N is countable. m 


(ii) Qt ={¢ a€NAbEN*}= uff aen} 
countable sets. By Problem 12, Qt is countable. Now, Q = Q* u {0} u Q7, where 
Q = {q E Q | -q E Q’}. This is again a countable union of countable sets, thus countable. 
So, Q~N. oO 
(iii) The function f: R > (0, œ) defined by f(x) = 2* is a bijection. So, R ~ (0,00). The function 
g: (0,00) > (0,1) defined by g(x) = = is a bijection. So, (0, 00) ~ (0,1). If a,b E R, the 
function A: (0,1) > (a, b) defined by h(x) = (b — a)x + ais a bijection. So, (0,1) ~ (a,b). 
It follows that all bounded open intervals are equinumerous with each other and R. 
We have, [a,b] E (a — 1,b +1) ~ (a,b) S [a,b) E [a,b] and (a,b) S (a,b] E [a,b]. It 
follows that all bounded intervals are equinumerous with each other and R. 


bent} This is a countable union of 


We also have the following. 
(a, œ) S [a,œ) E R ~ (a,a + 1) S (a, œ) 
(-œ,b) E (-œ,b] E R~ (b — 1,b) S (- œ, b) 


Therefore, all unbounded intervals are equinumerous with R. It follows that any two intervals 
of real numbers are equinumerous. oO 


83 


(iv) NNE P(N XN) by the definition of NN. So, NN < P(N x N) by Problem 5 (part (i). By (i) 
above, N x N ~ N. So, by Problem 13, P(N x N) ~ P(N). Therefore, P(N xN) < P(N). 
Since < is transitive, ÑN < P(N). 


Now, P(N) ~ {0,1} (see Example 10.18 (part 5)).So, P(N) < ‘{0,1}. Also, N{0, 1} € NN, 
and so, by Problem 5 (part (i)), “{0, 1} < NN. Since < is transitive, P(N) < NN. 


By the Cantor-Schroeder-Bernstein Theorem, NN ~ P(N). Oo 


Notes: (1) In the proof of (iii), we used the fact that equinumerosity is an equivalence relation, the 
Cantor-Schroeder-Bernstein Theorem, and Problem 5 many times without mention. For example, we 
have R ~ (0,00) and (0,0) ~ (0,1). So, by the transitivity of ~, we have R ~ (0,1). As another 
example, the sequence (a, 0) € [a,oo) E R ~ (a,a+ 1) E (a, ©) together with Problem 5 gives us 
that (a,co) < Rand R s (a, œ). By the Cantor-Schroeder-Bernstein Theorem, (a, œ) ~ R. 


(2) Once we showed that for all a,b € R, (0,1) ~ (a,b), it follows from the fact that ~ is an 
equivalence relation that any two bounded open intervals are equinumerous. Indeed, if (a,b) and 
(c,d) are bounded open intervals, then (0,1) ~ (a,b) and (0,1) ~ (c,d). By the symmetry of ~, we 
have (a, b) ~ (0,1), and finally, by the transitivity of ~, we have (a, b) ~ (c,d). 


(3) It’s easy to prove that two specific intervals of real numbers are equinumerous using just the fact 
that any two bounded open intervals are equinumerous with each other, together with the fact that 
R ~ (0,1). For example, to show that [3,00) is equinumerous with (—2,5], simply consider the 
following sequence: [3,00) E R ~ (0,1) ~ (-2,5) © (- 2,5] E (- 2, 6) ~ (3,4) € [3, œ). 


15. Prove that {A € P(N) | A is infinite} is uncountable. 


Proof: We first show that X = {A € P(N) |A is finite} is countable. For each nEN, let 
A, = {A € P(N) | |A] < n}. Since X = U{A,, | n E N}, by Problem 12, it suffices to show that for each 
n E N, A, is countable. We show this by induction on n E N. Ao = {Ø}, which is certainly countable. 
{{n} | ne N} is clearly equinumerous to N via the function sending {n} to n. Therefore, we see that 
A, = Ao U {{n}|n € N}is countable. Let k € N and assume that A, is countable. For each n € N, the 
set Br = {A U {n} | A E Ag} is countable. By Problem 12, the set B,4, = U{By | n € N} is countable. 
So, Ay, = Ap U B41 is countable. By the principle of mathematical induction, for each n E N, An is 
countable. It follows that X = {A € P(N) | A is finite} is countable. 


Let Y = {A € P(N) | A is infinite}. Since every subset of N is either finite or infinite, P(N) = X UY. If 
Y were countable, then since X is countable, by Problem 12, P(N) would be countable, which we know 
it is not. Therefore, Y is uncountable. o 


Note: Computing A, in the proof above was not necessary. BẸ = {A U {n}|A € Ao} = {{n}}. 
Therefore, B4 = U{Bğ |n € N} = {{n} | ne N}. So, A; = Ag U By = Ag U {{n} | nE N}. This is the 
same set that we wrote out explicitly in the proof. 


16. For f, g € NN, define f <* g if and only if there is n € N such that for all m > n, f(m) < g(m). 
(i) Is (NN,<*) a strict poset? (ii) Is (NN, <*) a strict linearly ordered set? (iii) Let 
F = {f,:N > N | n E N} be a countable set of functions. Must there be a function g E NN such 
that for all n E N, fa <* 9? 
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Solutions: 


(i) 


(ii) 


(iii) 


lf fe NN, then for all n E N, f(n) = f(n). So, f +* f, and therefore, <* is antireflexive. 


Let f,g ENN with f <* g and g <* f. Since f <* g, there is nı E N such that for all 
m >n, f(m)<g(m). Since g <* f, there is n, EN such that for all m > n,, 
g(m) < f(m). Let n = max{n,,nz}. Then f(n + 1) < g(n +1) and g(n+ 1) < f(n+ 1). 
By the transitivity of <, we have f(n + 1) < f(n + 1), a contradiction. So, antisymmetry 
holds (vacuously). 


Let f,g,h E€ NN with f <* g and g <* h. Since f <* g, there is nı E N such that for all 
m>n, f(m)<g(m). Since g <* h, there is n} EN such that for all m > n, 
g(m) < h(m). Let n = max{n,,n2}.Then for m>n, we have f(m)<g(m) and 
g(m) < h(m). By the transitivity of <, for m >n,we have f(m) < h(m). So, f <* h. 
Therefore, <* is transitive. 


Since <* is antireflexive, antisymmetric, and transitive, (N, <*) is a strict poset. 


wo _ (0 ifnis even = . 
Let f(n) = 5 and g(n) = { i ifnisodd: Then ~ each k E N, g(2k) = 0 < = fk). 
So, f +* g. Also, for each k E N, g(2k +1) =1 > = f (2k + 1). Therefore, g +* f.So, f 
and g are incomparible with respect to <*. Therefore, (NN, <*) is nota strict linearly ordered 
set. 


Let F = {f,:N > N |n E N} and define g:N > N by g(k) = max{f,(k) +1|n< k}. 


Let n E N. If m >n — 1, then we have f(m) < f,(m) + 1 < g(m). So, fa <* g. It follows 
that foralln E€ N, fa <* g. 


Notes: (1) To better understand the definition of <*, let’s look at an example. Define f, g: N > N by 
f(n) =n + 100 and g(n) = 2”. Observe that f(m) < g(m) for m > 6. It follows that f <* g. 


Note that f (1) = 101 and g(1) = 2! = 2, so that f (1) > g(1). So, it’s not true that f (n) < g(n) for 
all n. The definition of <* allows for this. f <* g means that the values of f are eventually less than 
the values of g. The expression f <* g is usually read as “f is dominated by g” or “g dominates f.” 


(2) Consider the family F = {f,: N > N |n E N}, where f,, (k) =n 
forall k € N. Foreachn E N, fn is a constant function. For example, 
fo is the function which gives an output of O for each natural 
number input. You can visualize this constant function as dots along 
the x-axis, as shown in the figure to the right. The figure also shows 
the functions fi, f2, and f3. There is no function g such that for all 
n EN, fa(k) < g(k) for all k € N. However, there are functions 
which dominate every fn. For example, let g: N > N be defined by 
g(n) =n. You can visualize g as the dots along the diagonal ray 
shown in the figure to the right. We see that fọ (k) < g(k) for all 
k > 0. We also see that f,(k) < g(k) for all k > 1. In general, 


falk) < g(k) forall k >n. 
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17. Let P be a partition of a set S. Prove that there is an equivalence relation ~ on S for which the 
elements of P are the equivalence classes of ~. Conversely, if ~ is an equivalence relation on a 
set S, prove that the equivalence classes of ~ form a partition of S. 


Proof: Let P be a partition of S, and define the relation ~ by x ~ y if and only if there is X E€ P with 
ce ee 


Let x E€ S. Since P is a partition of S, S = UP. So, there is X € P with x E X. It follows that x ~ x. 
Therefore, ~ is reflexive. 


If x ~ y, then there is X E P with x,y E X. So, y,x E€ X (obviously!). Thus, y ~ x, and therefore, ~ is 
symmetric. 


Ifx ~yand y ~z, then there are X,Y E P with x,y E X andy,z E Y. Since y E€ X andy E Y, we have 
y E X AY. Since P is a partition and X N Y + Ø, we must have X = Y. So, z E X. Thus, x,z € X, and 
therefore, x ~ Z. So, ~ is transitive. 


Since ~ is reflexive, symmetric, and transitive on S, ~ is an equivalence relation on S. 


We still need to show that P = {[x] | x € S}. Let X € P, and let x E€ X. We show that X = [x]. Let 
y E X. Since x,y E X, x ~ y. So y E [x]. Thus, X € [x]. Now, let y € [x]. Then x ~ y. So, there is 
Y € P such that x,y € Y. Since x E€ X and x E Y, x E€ X NY. Since P is a partition and X NY + Ø, we 
must have X = Y. So, y E X. Thus, [x] © X. Since X £ [x] and [x] © X, we have X = [x]. Since X € P 
was arbitrary, we have shown P C {[x]| | x € S}. 


Now, let X € {[x] | x € S}. Then there is x € S such that X = [x]. Since P is a partition of X, S = UP. 
So, there is Y € P with x € Y. We will show that X = Y. Let y E X. Then x ~ y. So, there is Z E€ P with 
x,y E Z. Since x € Y and x E Z, x E Y N Z. Since P is a partition and Y N Z + Ø, we must have Y = Z. 
So, y E Y. Since y € X was arbitrary, X S Y. Now, let y E Y. Then x ~ y. So, y E [x] = X. Since y E€ Y 
was arbitrary, Y G X. Since X SY and Y GX, we have X =Y. Therefore, X € P. Since 
X € {[x] | x € S} was arbitrary, we have {[x] |x € 5S} EP. 


Since P C {[x] | x € S} and {[x] | x E€ S} & P, we have P = {[x] | x E€ S}, as desired. 
Conversely, let ~ be an equivalence relation on S. We first show that U{[x] | x E€ S} =S. 


Let y E€ U{[x] | x E S}. Then there is x € S with y € [x]. By definition of [x], y E S. Therefore, 
U{[x] |x ES} CS. 


Now, let y E S. Since ~ is an equivalence relation, y ~ y. So, y E [y]. Thus, y € U{[x] | x E€ S}. So, we 
have S S U{[x] | x € S}. 


Since U{[x] | x € S} © S and S S U{[x] | x € S}, U{[x] |x E S} = S. 


We next show that if x, y € S, then [x] N [y] = @ or [x] = [y]. 
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Suppose [x] N [y] + Ø and let z € [x] N [y]. Then x ~ z and y ~ Z. Since ~ is symmetric, z ~ y. Since 
~ is transitive, x ~ y. Let w E [x]. Then x ~ w. By symmetry, y ~ x. By transitivity, y ~ w. So, w € [y]. 
Since w E [x] was arbitrary, [x] S [y]. By a symmetric argument, [y] €S [x]. 


Since [x] S [y] and [y] © [x], we have [x] = [y]. 


Since U{[x] | x € S} = S and every pair of equivalence classes are either disjoint or equal, the set of 
equivalence classes partitions S. m 


LEVEL 5 
18. Prove that if A ~ B and C ~ D, then 4C ~ PD. 
Proof: Suppose that A ~ B and C ~ D. Then there exist bijections h: A > B and k:C > D. Define 


F: 4C > 8D by F(f)(b) = k (f(n-1(0))). 


Suppose f,g E€ fC with F(f) = F(g). Let a € A, and let b = h(a). We have F(f)(b) = F(g)(b), or 
equivalently, k(f(h-4(6))) = k(g(h-*(b))). Since k is injective, f(h~1(b)) = g(h-+(b)). Since 
b = h(a), a=h1(b). So, f(a) = g(a). Since a E€ A was arbitrary, f = g. Since f,g E€ 4C were 
arbitrary, F is injective. 


Now, let g € ®D and let’s define f E€ 4C by f(a) =k? (9(n(a))). Let b E€ B. Then we have 

F(f)(b)= k (F(n-*())) =k (e (9 (10) = g(b). Since b € B was arbitrary, we have 

F(f) = g. Since g € ®D was arbitrary, F is surjective. 

Since F is injective and surjective, 4C ~ PD. oO 
19. Prove that for any sets A, B, and C, ®*°A ~ (8A). 

Proof: Let A, B, and C be sets, and define F: 8*°A > ©(8A) by F(f)(c)(b) = f (b,c). 


Suppose f, g E€ ®*°A with F(f) = F(g). Letc € C. Since F(f) = F(g), F(f)(c) = F(g)(c). So, for all 
b E€ B, F(f)(c)(b) = F(g)(c)(b). So, for allb € B, f (b,c) = g(b,c). Since c € C was arbitrary, for all 
b E€ Bandc EC, f(b,c) = g(b,c). Therefore, f = g. Since f, g E€ PCA were arbitrary, F is injective. 


Let k € “(®A) and define f € P*CA by f(b, c) = k(c)(b). Then F(f)(c)(b) = f(b, c) = k(c)(b). So, 
F(f) =k. Since k € ©(®A) was arbitrary, F is surjective. 


Since F is injective and surjective, ®*°A ~ ©(A), o 


20. Prove the following: (i) P(N)~ {f €N |f isa bijection}. (ii) NR + BN, given that 
R~ P(N). 
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Proofs: 


(ii) 


Let S = {f € NN | f is a bijection}. Then S € NN. So S < NN by Problem 5 (part (i)). By part 
(iv) of Problem 14, NN ~ P(N). So, NN < P(N). By the transitivity of <x, S < P(N). 


Now, define F: P(N) > S by F(A) = fy, where f4 is defined as follows: if n ¢ A, then 
f,(2n) =2n and f,(2n+1)=2n+1; if neEA, then f,(2n)=2n+1 and 
f,(2n + 1) = 2n. 


To see that F is injective, suppose that A,B € P(N) and A + B. Without loss of generality, 
suppose that thereisn E€ A \ B. Then f,(2n) = 2n + Land fg(2n) = 2n. So, f4 + fg. Thus, 
F(A) # F(B), and therefore, F is injective. 

Since S < P(N) and P(N) < S, by the Cantor-Schroeder-Bernstein Theorem, P(N) ~S. a 
We first show that R < P(Q). Define f: RR > P(Q) by f(x) = {q < x | q E Q}. Let x,y E R 
with x # y. Since trichotomy holds in R, we have x < yor y < x. Without loss of generality, 


we may assume that x < y. By the Density Theorem, we can choose q € Q withx <q < y. 
Then q E f(y) and q € f (x). So, f(x) + f(y). Since x,y € R were arbitrary, f is injective. 


By the proof given in Problem 18, NR < NP (Q). 


Using Problems 18 and 19, together with previous equinumerosity results, we get the 
following: NR < NP(Q) ~ XP(N) ~ N02) ~ N2 ~ N2 ~ P(N) ~ R < P(R) ~ R2 CEN. 
It follows that NR < EN. o 


Note: To help us understand the function F defined in part (i) above, let’s draw a visual representation 
of F(E), where E is the set of even natural numbers. 


E F(Œ)=fe 
0 0 
N e 
O; 
3 —>3 
24; 4 
5 5 
6 ——> 6 
Spe 


Along the left of the image we have listed the natural numbers 0, 1, 2, 3, 4, ... (we stopped at 4, but our 
intention is that they keep going). The elements of E are 0, 2, 4, ... We highlighted these in bold. We 
associate each natural number n with the pair {2n, 2n + 1}. For example, 2 -4 = 8and2-4+1=9. 
So, we associate 4 with the pair of natural numbers {8,9}. We used left braces to indicate that 
association. The arrows give a visual representation of fg. Since 0 € E, fg swaps the corresponding 
pair 0 and 1. Since 1 ¢ E, fg leaves the corresponding pair 2 and 3 fixed. And so on, down the line... 
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The configuration of fg, where © is the set of odd natural numbers would be the opposite of the 
configuration for the evens. For example, 0 and 1 would remain fixed, while 2 and 3 would be swapped. 


CHALLENGE PROBLEM 


21. Prove the Cantor-Schroeder-Bernstein Theorem. 
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Problem Set 11 


LEVEL 1 


1. Write the elements of S, in cycle notation. 


Solution: The elements of S, are (1), (12), (13), (14), (23), (24), (34), (123), (124), (134), (234), 
(132), (142), (143), (243), (1234), (1342), (1423), (1432), (1243), (1324), (12)(34), (13) (24), 
and (14)(23). 


Note: There are many ways to write the same permutation in cycle notation. For example, (12) is the 
same permutation as (21). Both permutations send 1 to 2, 2 to 1, and the other numbers to 
themselves. As a more extreme example, (123) is the same permutation as (13)(12). The latter way 
of writing the permutation is a bit less “natural” because the number 1 is repeated twice. It turns out 
that every permutation can be written as a product of cycles in a way that each number appears no 
more than once. In the solution above, | have written each permutation in the most “natural” way. 


2. Draw a group multiplication table for 53. Let H = {(1), (123), (132)} and K = {(1), (12)}. 
Show that H and K are subgroups of S3 and determine which of these is a normal subgroup of 
S3. 
Solution: (S30) | O A2 (43) (23) (123) (132) 
@) © aD) A3) (3) (123) (132) 
(12) | (12) (1) (132) (123) (23) (13) 
(13) | (13) (123) (1) (132) (12) (23) 
(23) | (23) (132) (123) (1) (13) (12) 
(123) (23) G3) (a) 2) (132) (1) 
(132) | (132) (23) (12) (13) (1) (123) 


We now show that H and K are subgroups of S}. The restricted tables look as follows: 


(H) | (1) (423) (132) (Ke) | @ az 
(4) | G@) (123) (132) D | @ 2) 
(123) | (123) (132) (0 (12) | @2) (J) 
(132) | (132) (GY (423) 


From the tables, we can see that each of H and K are closed under o. Also, each of H and K contain 
the identity (1). In H, (123) and (132) are inverses of each other, and in K, (12) is its own inverse. It 
follows that both H and K are subgroups of S3. 


Now K is not normal in S} because (13)(12)(13)* = (13)(12)(13) = (23) and (23) ¢ K. 
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Finally, we show that H < S}. We do this by brute force: 
(12)(123)(12) = (132), (13)(123)(13) = (132), (23 )(123 (23) = (132); 
(12)\(132)(12) = (123), 03)(132) (13) = (123), @3)(132 (23) = (123), 


We do not need to check conjugation by the elements in H because we already know that H is a 
subgroup of S3. We see that for all g € S3 and h € H, we have ghg * € H, and therefore, H < S3. 


LEVEL 2 


3. A Gaussian integer is a complex number of the form a + bi, where a, b € Z. Let Z[i] be the set 
of Gaussian integers. Prove that (Z[i],+, -) is a subring of (C, +, -). 


Proof: Let a + bi,c + di € Z[i]. Then (a + bi) + (c + di) = (a +c) + (b + d)i. Since Z is closed 
under addition, a + c E€ Z and b + d € Z. Therefore, (a + bi) + (c + di) € Z[i], and so, Zi] is closed 
under addition. Also, (a+ bi)(c + di) = (ac — bd) + (ad + bc)i. Since Z is closed under 
multiplication, ac, bd, ad, bc € Z. Since Z has the additive inverse property, - (bd) € Z. Since Z is 
closed under addition, we have ad+bcE€zZ and ac-— bd = ac + (- (bd)) € Z. Therefore, 
(a+ bi)(c + di) € Z[i], and so, Z[i] is closed under multiplication. The additive inverse of a + bi is 
-a -— bi = —a + (- b)i. Since Z has the additive inverse property, -a,-b E Z, and so, -a — bi € Zi]. 
Finally, 1 = 1 + Oi € Z[i] because 1,0 € Z. It follows that (Z[i], +, -) is a subring of (C, +, -). o 


4. Let (G,*) be a group with H a nonempty subset of G. Prove that (H,*) is a subgroup of (G,*) if 
and only if for all g,h E€ H, g» h™t EH. 


Proofs: Let (G,x) be a group with H a nonempty subset of G. 


First, let (H,*) be a subgroup of (G,*), and let g, h € H. Since H has the inverse property, h~* exists in 
H. Since H is closed under *, g x ht € H. Since g,h € H were arbitrary, we have shown that for all 
g,hEH,g*ht EH. 


Conversely, suppose that for all g,h E€ H, g*h1€H. Since H + Ø, there is g € H. Therefore, 
e = g x g“ € H. Now, leth € H.Sincee € H, ht = e x ht € H. Finally, let g,h € H. We just showed 
that ht € H. Therefore, g x h = g x (h +)" E H. So, H is closed under *. Thus, (H,x) is a subgroup 
of (G,*). o 


5. Let (R,+, -) be aring and define addition and multiplication on R X R componentwise, as was 
done in part 4 of Example 11.6. Prove that (R x R, +, -) is aring and that (R, +, -) is isomorphic 
to a subring of (R X R, +, >). 


Proof: Let (a,b), (c,d) E RXR. Then a,b,c,d E R. Since R is closed under addition and 
multiplication, a + c,b + d,ac,bd E R.So, (a + c,b + d), (ac, bd) E R x R.So,R X R is closed under 
addition and multiplication. 


Let (a, b), (c,d), (e, f) € R X R. Since addition and multiplication are associative in R, we have 
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(a,b) + ((c,d) + (e,f)) = (a,b) + (c +e,d + f) = (a+ (c +e),b + (d +f)) 
=((at+c)+e,(b+d)+f)=(at+c,b+d)+(ef) = ((a,b) + (c, d)) + (e, f). 
(a, b) : ((c,d) - (e, f)) = (a, b) - (ce, df) = (a(ce),b(df)) 
= ((ac)e, (bd) f) = (ac, bd) - (e, f) = ((a, b) - (c, d)) - (e, f). 


So, addition and multiplication are associative in R x R. 


For all (a,b) € R X R, we have 
(0,0) + (a,b) = (0 +a, 0 + b) = (a,b) and (a,b) + (0,0) = (a + 0,b + 0) = (a,b). 
(1,1) - (a,b) = (1a, 1b) = (a,b) and (a,b) : (1,1) = (a - 1,b - 1) = (a,b). 


So, (0, 0) is an additive identity and (1, 1) is a multiplicative identity. 


For all (a,b) € R x R, we have 
(a,b) + (-a,-b) = (a — a,b — b) = (0,0) and (-a,-b) + (a,b) = (-a + a,-b + b) = (0,0). 


So, (- a, - b) is an additive inverse of (a, b). 


Let (a, b), (c,d) E R X R. Since addition is commutative in R, we have 
(a,b) + (c,d) = (a+ c,b + d) = (c +a,d + b) = (c,d) + (a, b). 
So, addition is commutative in R x R. 
Therefore, (R x R, +, -) is ring. 
Let S = {(x,x) | x E R}. Then S E R x R, (0,0) E S, and (1, 1) € S. If (x, x), (y, y) E S, then we have 
(x, x) — (y, y) = (x—y,x — y) E S and (x,x) : (y, y) = (xy, xy) E S. So, S is a subring of R x R 


(note that we used Problem 5 here). 


Define f: R > S by f (x) = (x, x). Clearly, f is bijective. If x, y € R, we have 
fæ +y) = +y, x+y) = xx) + Oy) =f) + £0). 
f(xy) = (xy, xy) = x, x): O, y) = fœ): fO). 


So, f is a homomorphism. Therefore, f: R = S. Oo 


LEVEL 3 


6. Prove that there are exactly two ring homomorphisms from Z to itself. 


Proof: The identity function iz: Z > Z and the zero function 0: Z > Z are both ring homomorphisms 
from Z to itself. We show that these are the only ones. 


Let f: Z > Z be a ring homomorphism and suppose that f(1) = n. Then we also have 
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TOFU nD a ee. 
So, n? = n. Therefore, n? — n = 0, and so, n(n — 1) = 0. It follows that n = O orn = 1. 


Now, it is easy to show that f (k) = k - f(1) forall k € Z. Fork € N, use the principle of mathematical 
induction. Then if k <0, we have f(k) = f(-(-k)) =-f(--k) =-C Kf) = kf). f) =0 
follows from Theorem 11.1. 


So, if f(1) = 0, then for all k € Z, f(k) = kf(1) = k-0 = 0. In this case, f is the zero function. 
lf f(1) = 1, then forall k € Z, f(k) = kf(1) =k-1=k. In this case, f is the identity function. oO 


7. Prove the following: (i) Ring isomorphism is an equivalence relation. (ii) If we let Aut(R) be the 
set of automorphisms of a ring R, then (Aut(R), °) is a group, where © is composition. 


Proofs: 

(i) ięk:R>R is a bijection and if x,y E R, then igk(x +y) =x+y=ip(x) +ip(y) and 

ip(xy) = xy = ipg(x)ip(y). Also, ig(1g) = 1g. So, ig is an isomorphism from R to itself. 
Therefore, = is reflexive. 
Suppose that f: R > S is an isomorphism from R to S. We already know that f~*:S > Risa 
bijection from S to R. Let x,y E S and let z,w ER with f(z) =x and f(w) = y. Then 
f(z+w) = f(z) + fw) =x +y, and so, f~t (x +y) =z+w = f™t(x) + f71(). Also, 
flaw) = f@)fW) = xy, so that f(y) = zw =f (2) f-* ©). Finally, f Gs) = 12: 
Therefore, f~ is an isomorphism from S to R, and so, = is symmetric. 


Suppose that f: R > S, g:S >T are isomorphisms. We already know that go f:R >T isa 
bijection. If x,y E R, then we have 


(ge fx +y) =g9(f(x+y)) =9(f@ +f) 
= g(f(«)) + 9(fO)) =. N + (9° fA) 


and 


(g° f)(xy) = 9(f@y)) = 9 f@)- f0)) 
= 9(f@)- 9(f0)) = O (9° f)(y). 


Also, (g ° f)(1zg) = g(f (e2)) = g(1;) = 17. So, g ° f is an isomorphism from R to T, and 
so, = is transitive. 


Since = is reflexive, symmetric, and transitive, = is an equivalence relation. oO 


(ii) Let R be a ring and let f,g E€ Aut(R). Then g ° f is an automorphism by the proof of 
transitivity from part (i). So Aut(R) is closed under o. We proved that ° is associative in S(R) 
in part 5 of Example 11.8. Since Aut(R) © S(R), ° is associative in Aut(R) as well. We proved 
that ip satisfies ig ° f = f and f ° ig = f for all f E€ Aut(R) in the same example and we 
proved ip is an automorphism in part (i) above. Let f € Aut(R). By Theorem 10.6, we have 
fto f =f oft = ig, and we proved that f~* is an automorphism in part (i) above. It 
follows that (Aut(R), °) is a group. Oo 


93 


8. Let G bea group with H and K subgroups of G, and let G = H UK. Prove that H = G or K = G. 


Proof: Let G be a group, let H and K be subgroups of G, and let G =H UK. Suppose toward 
contradiction that H + G and K # G. Then there exista € G \ H and b E G \ K. Since G =H U K, we 
have a E K and b E H. Since G is a group, ab E G. So, ab E H or ab E K. Without loss of generality, 
letab € H. Since b € H and H is a group, b~t € H, and thus, a = ae = a(bb™t) = (ab)b™t € H. This 
contradicts our assumption that a E G \ H. So, we must have H = Gor K =G. m 


9. Prove that a commutative ring R is a field if and only if the only ideals of R are {0} and R. 


Proof: Let R be a commutative ring. First assume that R is a field and let J be an ideal of R such that 
I # {0}. Then there is a € I with a # 0. Since R is a field and a # 0, a’ exists. Since I is an ideal, we 
have 1 = aa™t € I. Now, let x € R be arbitrary. Then x = x- 1 € I. Therefore, R S I. By definition of 
an ideal, J © R. So, I = R. Since I was an arbitrary ideal not equal to {0}, the only ideals of R are {0} 
and R. 


Conversely, assume that the only ideals of R are {0} and R. Let aE R with a #0, and let 
I = {ax | x € R}. We show that I is an ideal of R. First, if ax, ay E I, then ax + ay = a(x + y) E I. So, 
I is closed under addition. Since a ; 0 = 0, 0 E I. If ax E I, then - (ax) = x(- a) E I (Why?). It follows 
that (I, +) is a subgroup of (R, +). If ax E I and b E R, then (ax)b = a(xb) = a(bx) = (ab)x E I. So 
I absorbs R. Therefore, I is an ideal of R. 


Since a=ae EI and a + 0, I + {0}. By assumption, we must have I = R. Since 1ER, 1El. 
Therefore, there is b E€ R such that ab = 1. So, b = a™t. Since a + 0 was arbitrary, we have shown 
that R has the multiplicative inverse property, and therefore, R is a field. Oo 


Note: The ideal J = {ax | x E€ R} is called the principal ideal generated by a. 


10. Prove that if X is a nonempty set of normal subgroups of a group G then NX is a normal subgroup 
of G. Similarly, prove that if X is a nonempty set of ideals of a ring R, then NX is an ideal of R. 
Is the union of normal subgroups always a normal subgroup? Is the union of ideals always an 
ideal? 


Proofs: Let X be a nonempty set of normal subgroups of a group G. Since forall H € X,e E€ H,e € NX, 
and so, NX + Ø. Let g,h € MX. Then for all H € X, g,h € H. By Problem 4, for all H E€ X, gh 1 € H. 
So, gh™t € NX. Again, by Problem 4, NX is a subgroup of G. Now, let h € NX, and let g E G. Then for 
allH € X,h € H, and since each H is anormal subgroup of G, ghg™* € H.So, ghg™* € NX. Therefore, 
NX is a normal subgroup of G. Oo 


Let X be a nonempty set of ideals of a ring R. Since for all I € X, 0 E 1, 0 € NX, and so, NX + Ø. Let 
x,y E NX. Then for all I E€ X, x,y E I. By Problem 4, for all] E€ X, x —y E I. So, x — y € NX. Again, 
by Problem 4, (NX, +) is a subgroup of (R, +). Now, let x € NX, and let y E R. Then for all J € X, 
x E I, and since each J is an ideal of R, xy E I. So, xy E NX. Therefore, NX absorbs R, and so, NX is 
an ideal of R. Oo 
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Since (Z, +) is a commutative group, all subgroups are normal. In particular (2Z, +) and (3Z, +) are 
normal subgroups of (Z, +). Now, 2,3 E (2Z,+) U (3Z,+), but 2+ 3 = 5 ¢ (2Z,+) U (3Z,+). So, 
(2Z, +) U (3Z, +) is not closed under addition and is therefore not a subgroup of (Z, +). 


Since (2Z,+, -) and (3Z,+, -) are ideals of (Z, +, -), the same argument in the last paragraph shows 
that the union of ideals is not always an ideal. 


11. Let Z,[x] = {ayx" + An_yx" 1 +++ + ax + ao | ao, 1, «..,A, E Z}. In other words, Z,[x] 
consists of all polynomials of degree at most n. Prove that (Z,,[x], +) is a commutative group 
for n = 0, 1, and 2, where addition is defined in the “usual way.” Then prove that Zọ[x] is a 
subgroup of Z,[x] and Z,[x] is a subgroup of Z,[x]. What if we replace “all polynomials of 
degree at most n” with “all polynomials of degree n?” 


Proof: Zo[x] = {ao | dg E€ Z} = Z, and we already know that (Z, +) is a group. 
Z,[x] = {a,x + dg | do, a, E Z}. Let ayx + Ao, bax + bo E Z,[x]. We have 
(a,x + ao) + (b,x + bo) = (a, + Dix + (ao + bo). 
Since Z is closed under addition, a, + b4, ao + bo € Z. Therefore, Z4 [x] is closed under addition. 


Simple computations show that addition is associative in Z,|x], 0 = 0x + 0 is an additive identity in 
Z [x], and the additive inverse of a,x + dp is - a,x — ag. One more simple computation can be used 
to verify that addition is commutative in Z,[x]. So, (Z,[x], +) is a commutative group. 


Z2[x] = {ayx? + a,x + ao | Ap, Ay, a2 E Z}. Let anx? + a,x + ao, box? + bax + bọ € Z,[x]. We have 
(apx* + a,x + ao) + (box? + byx + bo) = (az + b2)x? + (ay + by)x + (ao + bo). 


Since Z is closed under addition, az + bz, a, + b1, ao + bo E Z. Therefore, Z [x] is closed under 
addition. 


Simple computations show that addition is associative in Z,[x], 0 = 0x? + 0x +0 is an additive 
identity in Z, [x], and the additive inverse of apx? + a,x + dp is - ax* — ax — dp. One more simple 
computation can be used to verify that addition is commutative in Z,[x]. So, (Z,[x],+) is a 
commutative group. 


Let dj E Zo[x] = Z. Then ag = 0x + dy E Z, [x]. So, Zo[x] E€ Z,[x]. Since Zo[x] is a group under 
addition, Zo[x] < Z,[x]. Similarly, if a,x + ao E€ Z,[x], then a,x + dp = 0x? + a,x + dy E€ Z, [x]. 


Therefore, Z,[x] € Z,[x]. Since we showed that Z,[x] is a group under addition, Z,[x] < Z,[x]. 


Let A be the set of polynomials of degree 1. Then x and —x are in A, but x + (—x) = 0 ¢ A. So, A is 
not closed under addition, and therefore, (A, +) is not a group. Oo 
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LEVEL 4 


12. Let N be a normal subgroup of a group G. For each g € G, let gN = {gx | x € N}. Prove that 
gN = AN if and only if gh™t E€ N. Let G/N = {gN | g E G}. Prove that (G/N, ©) is a group, 
where o is defined by gN ° AN = (gh)N. 


Proof: Let N < G, and let g,h E G. Suppose that gN = AN. Since N<G,eEN.So,g=geegN. 
Since gN = AN, g E hN. So, there is x E N with g = hx. Then since N < G, gh™t =hxh EN. 


Conversely, assume that ghĉ™t € N and let x € gN. Then there is y € N with x = gy, or equivalently, 
y=g x. So, gtx = y E N. Since N < G, (hg™)(xh™") = h(g7'x)h™! € N. So, there is z E€ N 
with (ght) t (xh7t) = h(g7tx)ht = z. Thus, xh™t = (ghĉ™t)z € N. Again, since N < G, it follows 
that htx = (htx) (hth) = h-1(xh)h E N. So, there is w E N with htx = w. So, x = hw. Since 
w EN, xEhN. Since x € gN was arbitrary, gN S hN. By a symmetric argument, hN C€ gN. 
Therefore, gN = hN. 


Now, let G/N = {gN | g € G} and define > by gN ° hN = (gh)N. 


We first show that o is well defined. Suppose gN = jN and hN = kN. By the theorem we just proved, 
we have gj EN and hk™t EN. Since NAG and hk™t EN, we have j(hk7™®hj™t EN. So, 
(gh) Gk) t = ghk1j71 = (gj 1)Ghk-1j771) E€ N. Again, by the theorem we just proved 
(gh)N = (jk)N. 


Closure and associativity are clear. 


Note that eN = N because for all g E G, g = eg. It follows that gN ° N = gN ° eN = (ge)N = gN 
and No gN = eN o gN = (eg)N = gN. Therefore, N is the identity element of G/N. 


Finally, (gN)~? = g"1N because gN 0g 1N = (gg 5N =eN =N. o 


13. Let I be an ideal of a ring R. For each x ER, let x +I ={x+z|z €I}. Prove that 
x+1I = y+] if and only if x — y E I. Let R/I = {x + I | x € R}. Prove that (R/I, +, -)isa 
ring, where addition and multiplication are defined by (x +I) + (y+) = (x+y) +I and 
&+tDO +I =xy+I. 


Proof: Let I < R. Then (I, +) is a commutative subgroup of (R, +). All subgroups of an abelian group 
are normal subgroups, and so, by Problem 12, x + I = y + I if and only if x — y E I (note that we’re 
using additive notation because (I, +) is an additive group). 


Let R/I = {x + I | x € R} and define addition and multiplication by (x + I) + (y +I) = (x+y) +I 
and (x + I)(y + I) = xy + I. By Problem 12, (R/I, +) is a group. Commutativity of addition is clear. 


We next check that multiplication is well defined. Suppose x +I = z + I and y + I = w + 1. By the 
theorem we just proved, we have x — z E I and y — w E l. Since I < R, we have (x — z)w E I and 
x(y — w) E I. Since (I, +) is a group, we have 


xy — zw = xy — xw + xw — zw = x(y—-w)+ (x-z)w EI 
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By the theorem we just proved, xy + I = zw +1. 
Associativity of multiplication is clear. 


Finally, we show that 1 + I is the multiplicative identity of R/I. For all x E R, 1x = x. It follows that 
14+)-@4+D=1x+l=x4+1. Oo 


14. Let Zn = {[k] | k € Z}, where [k] is the equivalence class of k under the equivalence =,,. Prove 
that (Z,,+, -) is a ring, where addition and multiplication are defined by [x] + [y] = [x + y] 
and [xy] = [x] - [y]. Then prove that Z/nZ = Z,,. Find the ideals of Z/15Z and Z,, and show 
that there is a natural one-to-one correspondence between them. 


Proof: We first show that addition is well defined. Suppose [x] = [z] and [y] = [w]. Then x =, z and 
y =n W, so that n|x—z and n|y— w. Therefore, there are j,k E Z such that x -z=nj and 
y — w = nk. It follows that (x + y) — (z +w) = (x — z)+ (y — w) = nj + nk = n(j + k). Since Z is 
closed under addition, j +k € Z, so that n|(x +y)— (z+w). Thus, x+y =, z +w, and so, 
[x + y] = [z+ wl]. 


Let [x], [y] € Zn. Then x,y E Z. Since Z is closed under addition, x + y € Z. Thus, [x + y] € Zp. So, 
Zn is closed under addition. 


Let [x], [y], [z] € Zn. Since addition is associative in Z, we have 


Cix] + y) + [z] = [x + y] + [z] = [Œ + y) +2] 
= [x + Q +z2)] = [x] + [y +2] = [x] + Cly] + [z]). 


So, addition is associative in Zņ. 


lf [x] € Z,, then [0] + [x] = [0 + x] = [x] and [x] + [0] = [x + 0] = [x]. So, [0] is an identity 
element for addition in Z,. 


lf [x] E€ Z,,, then [- x] + [x] = [-x +x] = [0] and [x] + [-x] = [x + (-x)] = [0]. So, - [x] = [- x]. 
Therefore, the inverse property holds for addition in Z,,. 


Let [x], [y] € Zn. Since addition is commutative in Z, [x] + [y] = [x + y] = [y + x] = [y] + [x]. So, 
addition is commutative in Z,,. 


We next show that multiplication is well defined. Suppose [x] = [z] and [y] = [w]. As in the proof for 
addition, there are j,k E€ Z such that x — z = nj and y—w = nk. It follows that 


xy -—-zw=xy—zy+zy—zw = (x—-z)y+z(y —w) = (nj)y + z(nk) = nGy + zk). 


Since Z is closed under addition and multiplication, jy + zk € Z, and so, n|xy — zw. Therefore, 
XY =n Zw, and so, [xy] = [yw]. 


Let [x], [y], [z] € Zn. Since multiplication is associative in Z, we have 


([x] - [yD - [2] = [xy] - [2] = [yz] = [x(yz)] = [x]; [yz] = [x]; Cy] - eD 


97 


So, multiplication is associative in Z,,. 


lf [x] € Z, then [1] - [x] = [1x] = [x] and [x] - [1] = [x - 1] = [x]. So, [1] is an identity element for 
multiplication in Zn. 


Define f: Z/nZ > Zn by f(x + nZ) = [x]. Suppose that f(x + nZ) = f(y + nZ), so that [x] = [y]. 
Then x =, y. So, n|x — y, and therefore, there is k E Z such that x — y = nk. So, x — y E nZ, and so, 
by Problem 13, x + nZ = y + nZ. Since x + nZ, y + nZ E€ Z/nZ were arbitrary, f is injective. 


f is surjective because if [x] € Z,, then x € Zand f(x + nZ) = [x]. 


Now, we have 

f((@ + nZ) + (y +n2)) = f(x +y) +nZ) = [x +y] = [x] + [y] = fe + nZ) + f(y + nZ) 
f(x +nDO + nZ)) = f((xy) + nZ) = [xy] = [x]: [y] = f(x + nZ) - fO + nZ) 

Therefore, f: Z/nZ = Zn. 

Z/15Z = {15Z,1 + 157, ...,14 + 15Z} and Z,s = {[0], [1], ..., [14]}. 


The ideals of Z/15Z are Z/15Z, 3Z/15Z, 5Z/15Z, 15Z/15Z and these correspond to the ideals of 
Zis, which are Zis, {[0], [3], [6], [9], [12]}, {[0], [5], [10]}, and {[O]}. Oo 


LEVEL 5 


15. Let Z[x] = fay,x* + appx 1 + + ax + ao |k ENA do, @ ag E Z}. (Z[x],+, -) with 
addition and multiplication defined in the “usual way” is called the polynomial ring over Z. 
Prove that (Z[x],+, +) is a ring. Then prove that (Z,,[x],+, -) is not a subring of (Z[x],+, -) 
for any n E N. Let R[x] = {apx" + ap-1x"71 + -+ a,x + ao | k ENA do, Q4, .., ag E R} for 
an arbitrary ring R. Is (R[x],+, -) aring? 


Proof: Addition in (Z[x],+, -) is defined by 
apx" + Ayiyx* 1 + + + ax + ao) + (bgx" + by yx* 1 +- + by x + bo) 
= (ay + by) x* + (Ay_y + Dy_1)x*1 +- + (ay + Dy) x + (Ap + bo). 


Since Z is closed under addition, ay + by, ak-1 + bg-1 «+, A, + bi, ao + bo E Z. Therefore, Z[x] is 
closed under addition. 


Simple computations show that addition is associative in Z[x], 0 = Ox* + Ox*-1+---+0x+0 is an 
additive identity in Z[x], and the additive inverse of ayx* +ay_yx*"14+--+a,x+a9_ is 
- agx" — ay_yx*1 — ++ — ayx — dg. One more simple computation can be used to verify that addition is 


commutative. 


Here comes the hard part... Multiplication in (Z[x],+, -) is defined by 
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(ayx* + ag-1x¥7! + ++ + ax + Ag) (Dyx*® + by_yx* 1 + +++ + bix + bo) 
= Cx" + cyp_yx* 1 + 4x + Co, 

where c; = aibo + ai-1b1 +++: + aibi-1 + aob; for each i = 0,1,...,k. 
Since Z is closed under addition and multiplication, c; = ajbp + ai-1b1 + ©: + aibi-1 + aob; E Z for 
each i = 0,1, ..., k. Therefore, Z[x] is closed under multiplication. 
We show that 1 is a multiplicative identity for Z[x]. We have 

1- (apx" + appx") + + ax + ao) = Cyx* + Cy_yx*"1 + Cx + Co, 
where c; = Ody + Oa, + +++ + Oai- + 1a; = aj. So, 


1- (ayx* + dyiyx* 1 + + yx + ao) = Agx® + Ag_y xt + + + ax + ao. 


Similarly, (agx* + Appx") + = + ax + ao) +1 = cyx* + Cy_1x*1 + cix + Co, 
where c; =a; : 1 +ai-1:0 + +a: 0 +a: 0 = ai . So, 


(apx¥ + ap-1x®7! + -+ ax + ao): 1 = agx" + agi xe t+ + ax + ao. 


Finally, we check associativity. Let A, B,D € Z[x], where A = ayx* + ay_yxk1 + = + ax + dp. 
B = byx* + bg-1x®7! + = + bix + bọ, and D = dgx" + dgx"! + © + dix + do. 


Then AB = C, where C = cyx* + Ck-1X¥71 + -+ c1xX + Co with 


Ci = dibo + ai-1b1 + ++ + aibi-1 + aob; for each i = 0,1,...,k. 


So, (AB)D = E, where E = exx* + e,_,x*-1 + ++ + ex + eg such that for each i = 0, 1, ..., k, 
ei = cido T Ci-1d1 paai cCidi-1 + Codi 
= (aibo F ai-1b1 +: +aobi)do F (a;_1Do +F Qj-2b, aps +aobi-1)dı F ar +F (aobo)di- 


Now, BD = F, where F = fy x* + fk-1x®7t +- + fix + fo with 
Íi = bido + bi-ıdı ae ae bidi-1 + bodi for each i = 0, 1, maj k. 


So, A(BD) = G, where G = gx" + gg-1x¥71 + +++ + gx + go such that for each i = 0,1, ..., k, 


Gi = Ufo + ai-1fi + + A fi-1 + aofi 
= a; (body) F Qj-1(b, do +F bod) F ae ar Ao(bido 4 bi-ıdı T ety T bidi-1 F bodi). 


Since (AB)D = E and A(BD) = G, the proof is complete once we verify that E = G, or equivalently, 
for each i = 0,1,...,k, 


(aibo + ai-1b1 +: +aobi)do + (ai-1bo + ai-2b1 +: +aobi-1)dı + +++ + (aobo)d; 
= ai(bodo) 3 Qj-1(b, dy + bod) + awe = Ap(bido = bi-ıdı F r +f bidi-1 F bodi). 
This equation can easily be verified by using the distributive property and rearranging the terms. 


(Z,,[x],+, -) is not closed under multiplication. For example, x” € Z,,[x], but x?” = x"x" ¢ Z,,[x]. 
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So, (Z,[x], +, -) is not a ring. 


Each step in the proof that (Z[x],+, +) used only the ring axioms and not any special properties of Z. 
Therefore, if R is any ring, then (R[x],+, -) is also a ring. oO 


Note: Since Q, R, and C are fields (and therefore, rings), Q[x], R[x], and C[x] are rings. 


16. Let N be a normal subgroup of the group G, and define f: G > G/N by f(g) = gN. Prove that 
f is a surjective group homomorphism with kernel N. Conversely, prove that if f:G > H is a 
group homomorphism, then G/ker(f) = f[G]. 


Proof: Define f:G > G/N by f(g) = gN. 
f is surjective because if gN E G/N, then g E€ G and f(g) = gN. 


Now, f (gh) = (gh)N = (gN)(AN) = f(g) f(A). So, f is a homomorphism. 


If g E N, then by Problem 12, gN = eN because ge ' = ge = g E N. Also, eN = N because for all 
x €N,x =ex.So, f(g) =gN = eN = N. Since N is the identity element of G/N. g E€ ker(f). Since 
g E N was arbitrary, N S ker(f). If g € ker(f), then f(g) = N. Since f(g) = gN, we have gN = N. 
Since N = eN, by Problem 12, we have g = ge = ge‘ E N. Since g E€ ker(f) was arbitrary, we have 


ker(f) S N. Therefore, ker(f) = N. 
Next, let f: G —> H be a group homomorphism. Define F: G/ker(f) > f[G] by F(x ker(f)) = f(x). 


f is surjective because if y € f[G], then there is x E G with y = f (x). So, F(x ker(f)) = f(x) = y. 
If F(x ker(f)) = F(yker(f)), then f(x) = fO). So, fay") = FOOD = FOO” = en. 


So, xy! € ker(f). By Problem 12, x ker(f) = yker(f). Since x ker(f), y ker(f) E€ G/ker(f) were 
arbitrary, F is injective. 


Finally, F(xker(f) - yker(f)) = F(xyker(f)) = f(xy) = ff) = F@ker(f)) - FO ker(f)). 
m| 


So, F is a homomorphism. 


17. Let J be an ideal of a ring R, and define f: R > R/I by f(x) = x + I. Prove that f is a surjective 
ring homomorphism with kernel I. Conversely, prove that if f: R > S is a ring homomorphism, 
then R/ker(f) = f [R]. 


Proof: Define f: R > R/I by f(x) =x +1. 


f is surjective because if x + I € R/I, then x € R and f (x) = x + I. Now, we have 
fatyw=a@tyt1=@4+D4+0+D =S EO 
fn =xy +t =@+D04+) =O) 


So, f isa homomorphism. 
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If x E I, then by Problem 13, x + I = 0 + I because x — 0 = x E I. Also, 0+1 = I because for all 
xEl,x=0 +x. So, f(x)=x+I=0+]I =I. Since I is the identity element of R/I. x € ker(f). 
Since x € I was arbitrary, I © ker(f). If x € ker(f), then f(x) = I. Since f(x) = x +I, we have 
x +I = l. Since I = 0 +1, by Problem 13, we have x = x — 0 E I. Since x € ker(f) was arbitrary, we 
have ker(f) S I. Therefore, ker(f) = I. 


Next, let f: R > S be a ring homomorphism. Define F: R/ker(f) > f [R] by F(x + ker(f)) = f(x). 
f is surjective because if y € f [R], then there is x € R with y = f (x). So, F (x + ker(f)) = f(x) = y. 


If F(x + ker(f)) = F (y + ker(f)), then f(x) = f(y). So, f(x — y) = f(x) — f (y) = 0. Therefore, 
x — y E ker(f). So, by Problem 13, x + ker(f) = y + ker(/). So, F is injective. 


F((x +ker(f)) + (y + ker(f))) = F((x + y) + ker(f)) = f(x + y) 
= f(x) + fQ) = F(x + ker(f)) + FQ + ker(f)). 
F((x +ker(f))(y + ker(f))) = F(xy + ker(f)) = f(xy) 
=f): fO) = Fx + ker(f)) - Fy + ker(f)). 


So, F isa homomorphism. oO 


18. Prove that (ER, +, -) is a ring, where addition and multiplication are defined pointwise. Then 
prove that for each x € R, Iy = {f € PR | f(x) = 0} is an ideal of BR and the only ideal of FR 
containing I, and not equal to I, is BR. 


Proof: For f, g € PR, we define f + g and fg to be the functions in PR such that for all x € R, 
Ff + 9)(x) = f(x) + g(x) and fg) = fx) - gm). 


Then f +g and fg are in PR, so that FR is closed under addition and multiplication. To see that 
addition and multiplication are associative in PR, we have for each f, g € PR and each x E R, 


(f + (9 +h))(x) = f(x) + (g + h(x) = F(X) + (9%) + AG) = (FO) + g(x) + AC) 
= (f + g)(x) + h(x) = (F + g) +h) (x). 


CODJO = f(x) - Cgh)(x) = f(x) (I h) = (FO) g) a 
= (fg) (x) - h(x) = ((fg)h)(). 


Let 0 E PR be defined by 0(x) = 0 for all x € Rand let 1 € PR be defined by 1(x) = 1 for all x € R. 
Then for all x € R, we have 


(0 + f)(x) = 0x) + f) = 0 + f(x) = fx) Cf + 0)(x) = f(x) + 0) = f(x) +0 = f(x) 
Gf$\@)=1@) -f@=1f@=f@) GF: DG) =f@)-1@) = f@)-1= Ff). 
So, 0 is an additive identity in BR and 1 is a multiplicative identity in BR. 


The additive inverse of f € BR is - f defined by (- f)(x) = - f (x). Indeed, for each x € R, we have 
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FENA = fO)+ CAG) =f + (f) = 0 = 0). 
To see that addition is commutative in BR, we have for each f, g € BR and each x E R, 
F+ MN) =f) +ga) = ga) +f) = g +f 
It follows that (PR, +, -) is a ring. 
Now, let x € R and let J, = {f € BR | f(x) = 0}. If f,g € L, then we have 
Ff +g) =f) +9@) =0+0=0. 
So, I; is closed under addition. 
Since 0(x) = 0, 0 E I,. So, 0 is an additive identity element for I. 


lf f E L, then (- f)(x) =- f(x) =-0 = 0, so that -f € I. Therefore, I, has the additive inverse 
property. 


So, (Ix, +) is a subgroup of (ER, +). 


Let f € I, and g E BR. Then for each x E R, we have (fg)(x) = f(x)g(x) = 0- g(x) = 0 = 0(x) 
and (gf)(x) = g(x) f(x) = g(x) - 0 = 0 = 0(x). Therefore, fg € Iy and gf € ly. So, 1, absorbs PR. 
It follows that J, is an ideal of BR. 


Let K be an ideal containing J,., such that K # I,. Then there is f € K \ 1,. Let g € BR \ K be arbitrary. 


Sg gz) = 
(2) ia adka) = fo "Then, we have g = h + fk. To 
g ifz#x 


see this, observe that if z + x, then (h + fk)(z) = h(z) + f(z)k(z) = g(z) + f(z): 0 = g(Z) and if 


z=x,then (h+ fk)(z) = (h+ fk)(@) = h(x) + f()k@) =0+ ff) aa = g(x). 


Define h, k € PR by h(z) = f ifz 


Now, h € 1, because h(x) = 0. Since , © K, h E K. Since f € K and K is an ideal, fk € K. Since 
(K, +) is a group, g = h + fk € K. Since g € PR \ K was arbitrary, it follows that K = PR. o 


Note: If J is an ideal of a ring R such that the only ideal containing J not equal to / itself is R, then I is 
called a maximal ideal of R. In the solution above, we proved that for each x € R, I, is a maximal ideal 
of PR. 
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Problem Set 12 


LEVEL 1 
1. Write each of the following positive integers as a product of prime factors in canonical form: 
(i) 9; Gi) 13; Gi) 21; (iv) 30; (v) 44; (vi) 693; (vii) 67,500; (viii) 384,659; (ix) 9,699,690 
Solutions: 
(i) 9=3? 
(ii) 13=13 
(iii)  21=3-7 
(iv) 30=2-:3-5 
(v) 44 = 2? -11 
(vi) 693 =3?.7-11 
(vii) 67,500 = 2? . 38 . 54 
(viii) 384,659 = 11° . 17? 
(ix) 9,699,690 =2:-3-5:-7-11-13-17-19 
2. List all prime numbers less than 100. 
Solution: 2, 3,5, 7, 11, 13, 17,19, 23, 29, 31, 37, 41, 43, 47,53,59, 61,67, 71, 73, 79,83,89,97 
3. Find the gcd and lcm of each of the following sets of numbers: (i) {4,6}; (ii) {12, 180}; 
(iii) {2, 3, 5}; (iv) {14, 21, 77}; (v) {720, 2448, 5400}; (vi) {2175411°23, 25377411313} 
Solutions: 
(i) gcd(4,6) = 2; Icm(4, 6) = 12. 
(ii) 12|180. So, gcd(12, 180) = 12; Icm(12, 180) = 180. 
(iii) ped(2,3,5) = 1; lem(2,3,5) = 30. 
(iv)  gcd(14, 21,77) = 7; Ilcm(14, 21,77) = 2-7 -3 -11 = 462. 
(v) 720 = 2* - 3* +5, 2448 = 2* «3+ 17,5400 = 2? « 3° 57, 
gcd(720, 2448, 5400) = 23-32 = 72. 
Icm(720, 2448, 5400) = 24 - 3? - 52 . 17 = 183,600. 
(vik gad 123 8) Se i, 
mE Se 2) So ee a 2, 
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LEVEL 2 


4. Determine if each of the following numbers is prime: (i) 101; (ii) 399; (iii) 1829; (iv) 1933; 
(v) 8051; (vi) 13,873; (vii) 65,623 


Solutions: 
(i) V101 < 11 and 101 is not divisible by 2, 3, 5, and 7. So, 101 is prime. 
(ii) 399 = 7-57. So, 399 is not prime. 
(iii) 1829 = 31-59. So, 1829 is not prime. 


(iv) V¥1933 < 44 and 1933 is not divisible by 2, 3,5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 
41, and 43. So, 1933 is prime. 
(v) 8051 = 83 - 97. So, 8051 is not prime. 


(vi) 13,873 is prime (check that 13,873 is not divisible by any prime number less than 
117). 


(vii) 65,623 = 137 - 479. So, 65,623 is prime. 
5. Use the division algorithm to find the quotient and remainder when 723 is divided by 17. 


Solution: 17-42 = 714 and 17-43 = 731. Since 714 < 723 < 731, the quotient is 42. The 
remainder is then 723 — 17-42 = 723 — 714 = 9. So, 723 = 17-42 + 9. The quotient is k = 42 
and the remainder isr = 9. 


6. Forn E Z*, let M, = n! + 1. Determine if M, is prime for n = 1, 2, 3, 4, 5, 6, and 7. 


Solution: M, = 1!+1=1+1= 2. So, M, is prime. M, =2!+1=2+1= 3. So, M, is prime. 
M3 = 3! + 1 = 6 + 1 = 7. So, Mz is prime. M, = 4! + 1 = 24 + 1 = 25. Since 5|25, M, is not prime. 
Ms = 5! + 1 = 120 + 1 = 121. Since 11|121, M; is not prime. M, = 6! + 1 = 721. Since 103|721, 
M, is not prime. Mz = 7! + 1 = 5040 + 1 = 5041. Since 71|5041, M, is not prime. 


LEVEL 3 


7. Use the Euclidean Algorithm to find gcd(825, 2205). Then express gcd(825, 2205) as a linear 
combination of 825 and 2205. 


Solution: 
2205 = 825.2 +555 
825 = 555-1 + 270 
555 = 270-2 +15 
270 = 15-18+0 
So, ped (625, 2205) = 15. 


Now we have, 
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15 = 555 — 270+ 2 = 555 — (825 —555 <1) +2 = 3 - 555 — 2 - 825 
= 3(2205 — 825-2) — 2 - 825 =-8- 825 + 3 - 2205. 


8. Prove that if k € Z with k > 1, then k? + 1 is not prime. 


Proof: k? +1 = (k + 1)(k? — k + 1). Since k > 1,k +1 > 2andk? —k +1 >1-—1+1= 1.Since 
neither factor is 1, k? + 1 is not prime. oO 


9. Prove that gcd(a, b) | lcm(a, b). 


Proof: Since gcd(a, b) is a divisor of a, gcd(a, b) |a. Since Icm(a, b) is a multiple of a, a|lcm(a, b). By 
problem 3 in Problem Set 10, | is a transitive relation. It follows that gcd(a, b) | Icm(a, b). o 


10. Let a, b,c E Z. Prove that gcd(a, b) = gcd(a + bc, b). 


Proof: Let d be a divisor of a and b. Then there are integers j and k such that a = dj and b = dk. It 
follows that a + bc = dj + (dk)c = d(j + kc), so that d is a divisor of a + bc. 


Now, let e be a divisor of a + bc and b. Then there are integers j and k such that a + bc = ej and 
b = ek. It follows that a = (a + bc) — bc = ej — (ek)c = e(j — kc), so that e is a divisor of a. 


So, a and b have the same common divisors as a + bc and b. Therefore gcd(ab) = gcd(a + bc, b). o 
11. Let a,b,k,r € Z with a = bk + r. Prove that gcd(a, b) = gcd(r, b). 


Proof: gcd(r, b) = gcd(a — bk, b) = gcd(a + b(—k), b) = gcd(a, b) by problem 10. m| 


LEVEL 4 


12. Prove the Euclidean Algorithm: Let a,b € Z* witha > b. Let rọ = a, rı = b. Apply the division 
algorithm to rg and 7, to find k4, r2 € Z* such that rọ = rikı + r2, where 0 < r < r. If we 
iterate this process to get r; = fj+1kj+1 + Tj+2, where 0 < 442 < 7441 for j = 0,1, ... n — 1 so 
that 7,4; = 0. Then gcd(a, b) = m. 

Proof: We use the Division Algorithm to get the following sequence of equations: 
fo = Tyky Tia Osn <T 


rı = 12k + T3, Osr <1 


Fna = Tag hen Fhe 0S <hi 


Tn-1 = mkn + 0 


Since each remainder 7; is strictly less than the remainder r;—4, after finitely many iterations of the 
Division Algorithm, we get a remainder of 0. 


By problem 10, we have gcd(a, b) = gcd(ro, r1) = gcd(r1, r2) = = = gcd(%, 0) = |. Oo 


105 


13. Prove that if a|c and b|c, then lcm(a, b) | c. 


Proof: Suppose that alc and b|c. By the Division Algorithm, there are integers k and r such that 
c = lcm(a,b) -k +r with 0 < r < lcm(a, b). Therefore, we have r = c — Icm(a, b) « k. Since a|c and 
a|lcm(a, b), it follows from Problem 7 in Problem Set 4 that alr. Similarly, b|r. So r is a multiple of 
both a and b. Since 0 < r < lcm(a, b), r must be 0. Thus, c = Icm(a,b)-k andso,lcm(a,b)|c. oO 


14. Suppose that a, b E€ Z*, gcd(a, b) = 1, and clab. Prove that there are integers d and e such that 

c = de, d|a, and e|b. 
Proof: Suppose that a, b € Z*, gcd(a, b) = 1, and clab. Let a = p° pi" +p,” and b = pp sep?” 
be complete prime factorizations of a and b, let d = gcd(a,c), and let e = gcd(b,c). If 
d = pipa wepi” and e = ae - pf” are complete prime factorizations of d and e, respectively, 
then we have d; < a; and e; < b; for each i = 1, 2,...,n. It follows that gcd(d,e) = 1, dla, and e|b. 
Every prime power in the prime factorization of c must appear as a factor of d or e. So, c = de. oO 


15. A prime triple is a sequence of three prime numbers of the form p, p + 2, and p + 4. For 
example, 3,5, 7 is a prime triple. Prove that there are no other prime triples. 


Proof: We will show that ifn E Z, then one of n,n + 2,n + 4 is divisible by 3. By the Division Algorithm, 
there are unique integers k andr such that n = 3k +r andr = 0, 1, or 2. Ifr = 0, then n is divisible 
by 3.lfr = 1,thenn + 2 = (3k + 1) + 2 = 3k + 3 = 3(k + 1), and so, n + 2 is divisible by 3. Finally, 
ifr = 2, then n + 4 = (3k + 2) + 4 = 3k + 6 = 3(k + 2), and so, n + 4 is divisible by 3. 


So, if p, p + 2, p + 4 is a prime triple, then either p, p + 2, or p + 4 must be divisible by 3. The only 
prime number divisible by 3 is 3. So, p = 3, p + 2 = 3, or p + 4 = 3. If p = 3, we get the prime triple 
3,5,7. If p + 2 = 3, then p = 1, which is not prime. If p + 4 = 3, then p = - 1, again not prime. o 


LEVEL 5 


16. If a,b € Z* and gcd(a,b) = 1, find the following: (i) gcd(a,a + 1); (ii) gcd(a, a + 2); 
Gii) gcd(3a + 2,5a + 3); (iv) gcd(a + b,a — b); (v) gcd(a + 2b, 2a + b) 


Solutions: 
(i) Since a + 1 — a = 1, we see that 1 can be written as a linear combination of a and 
a + 1. Therefore, gcd(a,a +1) = 1. 
(ii) Since a + 2 — a = 2, we see that 2 can be written as a linear combination of a and 


a + 2. Therefore, gcd(a,a + 2) < 2. So, gcd(a,a + 2) = 1 or 2. 


If a is even, then there is k E Z such that a = 2k. So, a + 2 = 2k +2 = 2(k +1). 
Thus, we see that 2|a and 2|a + 2. Therefore, if a is even, gcd(a, a + 2) = 2. 


If a is odd, then 2 does not divide a. So, gcd(a,a + 2) cannot be 2, and therefore, 
must be 1. 


(iii) Since 5(3a+ 2) — 3(5a + 3) = 15a + 10 — 15a — 9 = 1, we see that 1 can be 
written as a linear combination of 3a + 2 and 5a + 3. So, gcd(3a + 2,5a +3) = 1. 
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(iv) 


(v) 


If d divides a + b and a — b, then d divides (a + b) + (a — b) = 2a and d divides 
(a + b) — (a — b) = 2b because by Problem 7 from Problem Set 4, d divides any 
linear combination of a + b anda — b. By Theorem 12.5, gcd(2a, 2b) can be written 
as a linear combination of 2a and 2b. So, again by Problem 7 from Problem Set 4, 
d| gcd(2a, 2b) = 2. So,d = lord = 2. 


If a and b are both odd, then both a+b and a—b are even, and so, 
gcd(a + b,a — b) =2. 

If a and b do not have the same parity (in other words, one is even and the other is 
odd), then a+b is odd. So, 2 is not a divisor of a+b, and therefore, 
gcd(a + b,a — b) = 1. 

a and b cannot both be even because then gcd(a, b) = 2. 


If d divides a + 2b and 2a + b, then d divides 2(a + 2b) — (2a + b) = 3b and d 
divides 2(2a + b) — (a + 2b) = 3a because once again by Problem 7 from Problem 
Set 4, d divides any linear combination of a + 2b and 2a + b. By Theorem 12.5, 
gcd(3a,3b) can be written as a linear combination of 3a and 3b. So, again by 
Problem 7 from Problem Set 4, d| gcd(3a, 3b) = 3. So, d = 1ord = 3. 


If we let a = 2 and b = 3, then we have a+2b=2+2-3=2+6=8 and 
2a+b=2-2+3=4+4+3 = 7. So, gcd(a + 2b, 2a + b) = gcd(8,7) = 1. 


If we let a = 2 and b = 5, then we have a+2b=24+2-5=2+10=12 and 
2a+b=2.2+5=4+5 =9. So, gcd(a + 2b,2a + b) = gcd(12,9) = 3. 


So, both gcd(a + 2b, 2a + b) = 1 and gcd(a + 2b, 2a + b) = 3 can occur. 


17. Find the smallest ideal of Z containing 6 and 15. Find the smallest ideal of Z containing 2 and 
3. In general, find the smallest ideal of Z containing j and k, where j,k € Z. 


Solutions: Let 7 be the smallest ideal of Z containing 6 and 15. Since 3Z is an ideal of Z containing 6 
and 15, I © 3Z because I is the smallest such ideal. If a € 3Z, then there is an integer k such that 
a = 3k. Since 3 = 15 — 6 — 6, we havea = 15k — 6k — 6k € I because (I, +) is a subgroup of (Z, +). 
So, 3Z GI. Since I © 3Z and 3Z CI, we have I = 3Z. 


Let J be the smallest ideal of Z containing 2 and 3. If a E Z, then a = 3a — 2a E I because (J, +) is a 
subgroup of (Z, +). So, Z © I, and therefore, I = Z. 


Let J be the smallest ideal of Z containing j and k, and let d = gcd(j,k). Since dZ is an ideal of Z 
containing j and k, I © dZ because I is the smallest such ideal. If a € dZ, then there is an integer c 
such that a = dc. By Problem 7 from Problem Set 4, we can write d as a linear combination of j and k, 
say d = mj + nk. So, we have a = (mj + nk)c = mjc + nkc. mjc,nkc € I because I absorbs Z. So, 
a = mjc +nkc E I because (I, +) is a subgroup of (Z, +). Therefore, dZ & I. Since I © dZ and dZ © 
I, we have I = dZ, where d = gcd(j, k). 


18. Find all subgroups of (Z, +) and all submonoids of (Z, +). 
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Solutions: Let n E N. Then (nZ, +) is a subgroup of (Z, +). To see this, first note that 0 € nZ because 
0 = n: 0. Now, let a,b E nZ. Then there are integers j and k such that a = nj and b = nk. It follows 
that a — b = nj — nk = n(j — k). Since Z is closed under subtraction, j — k € Z. So, a — b E€ nZ. By 
problem 4 from Problem Set 11, (nZ, +) is a subgroup of (Z, +). 


We now show that there are no other subgroups of (Z, +). Let (A, +) be a subgroup of (Z, +). If 
A + {0}, then A must contain a positive integer k, for if j € A \ {0}, then -j € A and either j or -j 
must be positive. By the Well Ordering Principle, A contains a least positive integer n. We will show 
that A = nZ. 


First, if a € nZ, then there is b E Z with a = nb. If b > 0, then nb E A because A is closed for addition 
(this can be proved rigorously using the Principle of Mathematical Induction). If b < 0, then 
nb =-n(-b) € Z because n(-b) € Z and A is closed under taking inverses. If b = 0, then we have 
nb =n-0=0,and0 E A. So, nZ CA. 


Now, let a E A. Since A is closed under taking inverses, we can assume that a is nonnegative. Since 
gcd(n, a) can be written as a linear combination of n and a (by Theorem 12.5), and A is a subgroup of 
Z, it follows that gcd(n, a) € A. Since gcd(n, a) is a divisor of n, gcd(n,a) < n. Since n is the least 
positive integer in A, gcd(n, a) = 0 or gcd(n, a) = n. If gcd(n,a) = 0, then a = 0. If gcd(n,a) =n, 
then n is a divisor of a. In either case, a E nZ. So, A S nZ. 


Since nZ © A and A E nZ, we have A = nZ. 


Now, since every subgroup of (Z, +) is a submonoid of (Z, +), we have that (nZ, +) is a submonoid of 
(Z, +) for every n € N. We also have that (nN, +) is a submonoid of (Z, +) for each n € Z*, where 
nN = {nk | k € N}. To see this, let a,b € nN. Then there are natural numbers j and k such that 
a=nj and b = nk. It follows that a +b = nj + nk = n(j +k). Since N is closed under addition, 
j+ k EN. So, a +b E nN. Therefore, nN is closed under addition. Also, 0 € nN because 0 = n- 0. 
So, (nN, +) is a submonoid of (Z, +). Similar reasoning shows that (- nN, +) is a submonoid of (Z, +) 
for each n € Z*, where (- nN, +) = {-nk | k € N}. 


We now show that there are no other submonoids of (Z, +). Let (A, +) be a submonoid of (Z, +). If 
A = {0}, then A = OZ, so assume that A + {0}. If A has only nonnegative integers, then A = nN, where 
n is the least positive integer in A. The reasoning is similar to what was done above. Similarly, if A has 
only nonpositive integers, then A = - nN, where -nN is the least positive integer such that n E A. 


Finally, if A has both positive and negative integers, let n be the least element of the set 
{|k| |k E A Ak # 0}. Then A = nZ, again by reasoning similar to what was done above. Oo 
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Problem Set 13 


LEVEL 1 
1. Let f:R > R be defined by f(x) = 5x — 1. (i) Prove that lim f (x) = 14. (ii) Prove that f is 
x> 


continuous on R. 


Proofs: 


(i) Lete > 0 and let 6 = = Suppose that 0 < |x — 3| < 6. Then we have 


|(Sx — 1) — 14] = |5x — 15] = 5lx - 3| < 58 = 5 -É = €. 


So, lim f(x) = 14. Oo 
x3 
(ii) Let a € R. We will show that f is continuous at a. Let € > 0, let 6 = > and let |x —a| < ô. 
Then 
(5x — 1) — (5a — 1)| = [5x — 5aļ = 5|x — al <56=5-o=€, 
So, f is continuous at a. Since a € R was arbitrary, f is continuous on R. oO 


2. Letr,c € Rand let f: R > R be defined by f(x) = c. Prove that lim[f(x)] = c. 
Kr 


Proof: Let € >0 and let 8=1. If 0<|x—r| <6, then |f(x)— cl = |c- c| = |0| =0 <e. 
Therefore, lim[f (x)] = c. o 
Xr 


3. Let A CR, let f: A > R, let r, k € R, and suppose that lim[f (x)] is a finite real number. Prove 
KOF 
that lim[kf (x)] = k lim[f (x)]. 
Xr Xr 


Proof: Suppose that lim[f (x)] = L and let € > 0. First assume that k + 0. Since lim[f (x)] = L, there 
Ao xr 


is ô > 0 such that 0 < |x — r| < 6 implies |f (x) — L| < i Suppose that 0 < |x — r| < 6. Then 


[kf (x) — kL] = |k||f(@) — L| < kG =e. 
So, lim[kf @)] =k = k lim[f(x)]. 


If k = 0, let 8 =1.1f 0 < |x —r| < ô, then 
|kf (x) — kL| = |Of (x) — OL| = |0] = 0 < e. 


So, in this case, we also have lim[kf(x)] = kL = k lim[f (x)]. oO 
xr x-r 
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LEVEL 2 


4. Let ACR, let f:A > R, and let r E€ R. Prove that f is continuous at r if and only if 


lim[f(x)] = f(@). 


Proof: Let A S R, let f: A > R, and let r E R. First suppose that f is continuous at r. Let € > 0. Then 
there is 6 > 0 such that |x —1r| <6 implies |f(x) — f(r)| < e. Let x E€ R satisfy 0 < |x -r| < ô. 
Then |x —r| < 6. So, |f (x) — f(r)| < e. Since € > 0 was arbitrary, lim[f(x)] = f(r). 
P ta i 
Now, suppose that lim[f (x)] = f(r). Let e > 0. Then there is 6 > 0 such that 0 < |x — r| < d implies 
Xr 


lf (x) — f(r)| < e. Let x E€ R satisfy |x — r| < 6. Then 0 < |x- r|<orx=r.If0<|x-r|< ð, 
then |f(x) — f(r)| < e.If x =r, then |f (x) — f()| = If@ — f@)| = |0| = 0 < e. Since e > 0 was 
arbitrary, f is continuous at r. oO 


5. Prove that every polynomial function p: R > R is continuous on R. 


Proof: Let r € R. We first show that for all n € N withn > 1, lim[x*] =r*. 
xXSr 


Base case (n = 1): Let € > 0 be given and let 8 = e. Then 0 < |x —r| < ô implies |x —r| < ô = e. 
Since € > 0 was arbitrary, lim[x] = r. 
xP 
Inductive step: Let k € N and assume that lim[x*] = r*. By Theorem 13.4, we have 
x= 


kraj k k+1 


lim[x = jimi -x] = imi] lim[x] =o" r =F 
xr xr xr 


xr 


By the Principle of Mathematical Induction, for all k € N withn > 1, lim[x*] =r*. 
Sr 


Now, let p: R > R be a polynomial, say p(x) = anx” + an-1x"7t + +++ a,x + dg. By Problem 2, 
lim[ao] = ap. By the last paragraph and Problem 3, lim[a,x*] = a, lim[x*] = a,r*. Finally, using 
cor P di Kor 
Theorem 13.3, we have 

lim[p(x)] = lim[a,x”" + an-1x"7t + +++ + ax + aol 

Xar Xar 

= lim[a,x"] + lim[an-1x"7t] + + + lim[a,x] + lim[a] 
P i Lr xr P i i 
= anr” + apn-1r"! + -+ ar + ao = p(r). 


By Problem 4, p is continuous at r. Since r € R was arbitrary, p is continuous on R. oO 


LEVEL 3 
6. Let g: R > R be defined by g(x) = 2x? — 3x + 7. (i) Prove that lim g(x) = 6. (ii) Prove that 
Oo 


g is continuous on R. 
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Proofs: 


(i) Lete > 0 and let 6 = min {1,5} Suppose that 0 < |x — 1| < 6. Then we have |x — 1| < 1, so 


that -1 <x— 1< 1. Adding 1, we get 0 < x < 2. Multiplying by 2, we have 0 < 2x < 4. 
Subtracting 1 gives us -1 < 2x — 1 < 3. So, -3 < 2x — 1 < 3, and therefore, |2x — 1| < 3. 
Now, we have 


|(2x? — 3x + 7) — 6| = |2x? — 3x +1] = [2x —1||x—1] < 36 <3 -5=€. 


So, lim g(x) = 6. Oo 
xT 


(ii) Let a E R. We will show that f is continuous at a. Let € > 0 and let ô = min {1,<}, where 
M = max{|4a — 8|, |4a — 4|}. Suppose that |x — a| < 6. Then we have |x — a] < 1, so that 
-1 <x-—a < 1. Adding 2a — 3, we get 2a — 4 < x +a — 3 < 2a — 2. Multiplying by 2 yields 
4a — 8 < 2(x +a -— 3) < 4a — 4. Therefore, -M <2(x+a-—3)<M, or equivalently, 
|2(x + a — 3)| < M. Now, we have 


|(2x* — 3x + 7) — (2a? — 3a + 7)| = |2(x? — a°) — 3(x — a)| = |x — al|2(x + a — 3)| 
<6M <—-M =e. 


So, g is continuous at a. Since a € R was arbitrary, g is continuous on R. m] 


7. Suppose that f, g: R > R, a E R, f is continuous at a, and g is continuous at f (a). Prove that 
g ° f is continuous at a. 


Proof: Let f, g: R > R, let a € R, and suppose that f is continuous at a and g is continuous at f (a). 
Let € > 0. Since g is continuous at f(a), there is 5, > 0 such that |y — f(a)| < ô implies 
lg) — g(f(a))| < €. Since f is continuous at a, there is ô, > 0 such that |x — a| < ô, implies 
If (x) — f(a)| < ô. Now, suppose that |x —a| < ô. Then |f(x) — f(a)| < ô. It follows that 
lg(f@)) = g(f(a))| < €. Since € > 0 was arbitrary, g ° f is continuous at a. Oo 


LEVEL 4 


8. Let h: R > R be defined by h(x) = 


z= 
2 * Prove that lim h(x) = 2 
x44+1 x2 5 


Proof: Let € > 0 and let 6 = min {1,4}. Suppose that 0 < |x — 2| < 6. Then we have |x — 2| < 1, so 


that -1<x—2 <1. Adding 2, we get 1 < x <3. So, 23 < 5x? + 6x + 12 < 75 and therefore, 
-75 < 5x? + 6x + 12 < 75. So, |5x? + 6x +12| < 75. Also, 2<x*+1< 10. In particular, we 


have x? + 1 > 2, and so, —— < =. Now, we have 


’x241 
x? —4 4| [5@°—4) 4(¢74+1)|_ [5x? — 4x? — 24 
x2+1 Sl [5(x2+1) 5(x2+1)| 5(x? + 1) 


_ [Bx tortes 2 758 _ 75 Že 


5(x2 +1) ca mpe ~ 


111 


i af 
So, lim h(x) = m o 


9. Let k: (0,0) > R be defined by k(x) = Vx. (i) Prove that lim k(x) = 5. Gi) Prove that f is 
x> 


continuous on (0, 00). (iii) Is f uniformly continuous on (0, 00)? 
Proofs: 


(i) Let € > 0 and let 6 = min{1, (5 + V24)e}. Suppose that 0 < |x — 25| < 6. Then we have 
|x — 25| < 1, so that- 1 < x — 25 < 1. Adding 25, we get 24 < x < 26. Taking quate roots, 


1 
we have V24 < Vx < V26. Adding 5 gives us 5 + V24 < Vx + 5 < 5 + V26 6.S0, == < SHOE 


Now, we have 


(vx -= 5)(Vx +5)| _ lx- 25] ô 


yx- 5| = = ga sa (Se le Se 
| | Vx+5 Vx+5 54+24 er “A a 
So, lim k(x) =5. m| 


(ii) Let a € R. We will show that f is continuous at a. Let € > 0, let 6 = min{1, eVa}, and let 
x E (0, œ) satisfy |x — a| < 6. Then we have |x — a| < 1, so that -1 < x —a < 1. Adding a, 
we get a— 1 <x <a +1. Since x E (0,0), we have 0 < x < a + 1. Taking square roots, we 


have 0 < Vx < Va+1. Adding Va gives us Va<Vx+Va<vVa+1+Va. Therefore, 


1 1 
< —. Now, we have 


vxtVa va 
F x—a ô eva 
E cee 2) E 
ve+va | Vx+vVa Va Va 
So, f is continuous at a. Since a € R was arbitrary, f is continuous on R. o 


(iii) Let e > 0, let 8 = e?, and let x, y € (0, œ) satisfy |x — y| < 6. Then we have 


WE- S= SOA- < AWE-AWE +yli =e. 


So, f is uniformly continuous on R. o 


10. Let f: R > R be defined by f(x) = x?. Prove that f is continuous on R, but not uniformly 
continuous on R. 


Proof: Let a E R. We will show that f is continuous at a. Let € > 0 and let ô = min {1,<}, where 


M = max{|2a — 1|,|2a + 1|}. Suppose that |x — a| < ô. Then |x — a| < 1, sothat-1<x-a<1. 
Adding 2a, we get 2a-1<x+a<2a+1. So, -M<x+a<M, or equivalently, |x +a| < M. 
Now, we have 


|x? —a?| = |x—allxtal<6-M<—-M=e. 


So, f is continuous at a. Since a € R was arbitrary, f is continuous on R. 
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, $ ‘: 1 1 ô 
To see that f is not uniformly continuous, let € = 1 and let ô > 0. Let x = z and y = Tr Then we 


have |x — y| = 5 -($+3)| =<, but 


2 
1 (5 x =), 
6? ô 2 
So, f is not uniformly continuous on R (and in fact, not uniformly continuous on (0, 00) since we only 
needed positive values of x and y to violate the definition of uniform continuity). oO 


Piet accel Taas eis 
52 §2 4). 047° °% 


If) -fO = lx? -y*1 = 


11. Prove that if lim[f(x)] > 0, then there is a deleted neighborhood N of r such that f(x) > 0 for 
XƏT 
alx EN. 


Proof: Suppose that lim[f (x)] = L with L > 0. Let € = = There is 6 > 0 such that 0 < |x -—r| <6 
xr 
implies |f(x) — L| < e€. Consider NL (r) = (r—ô,r)U (r,r +ô). Let x E NÊ (r). Then we have 


xE(r—5ô,r)U (r,r +ô), so that 0 < |x— r| < ô. It follows that |f (x) — L| < € = =. So, we have 


-2< f@)-L< = or equivalently, L -i< foo < L+ Since L -Ż= and L +o= =, we have 


- <T =. In particular, we have f(x) > - > 0. Since x € NEO) was arbitrary, we have shown 
that for all x € No), iGo > 0, o 


12. Let AC R, let f: A > R, let r € R, and suppose that lim[f(x)] is a finite real number. Prove 
Xy 


that there is M € R and an open interval (a,b) containing r such that |f (x)| < M for all 
x E (a,b) \ fr}. 


Proof: Let AS R, f:A>R,rER, lim[f ()] = L, and let e = 1. Then there is 6 > 0 such that 
0<|x—r|<6 implies |[f(x)-—L| <1, or -1<f(@)-L<1, or L—1< f(x) <L+1. Let 
a=r—6,b=r+6,and M = max{|L —1|,|L + 1}. If x E (a,b) \ {r}, thenr —5 < x <r + ô and 
x +r. So, 0 < |x—r| <6. Therefore, L—1 < f(x)< L+ 1. Since M > |L — 1| > 1 — L, we have 
-M < L — 1. Also, M > |L + 1| > L + 1. So, we have - M < f(x) < M, or equivalently, |f (x)| < M. 
Since x E (a,b) \ {r} was arbitrary, |f(x)| < M for all x € (a,b) \ {r}. Oo 


13. Let ACR, let f,g,h: A > R, let rE R, let f(x) < g(x) < h(x) for all x EA \ {r}, and 
suppose that lim[f ols lim[h(x)] = L. Prove that lim[g(x)] Sj 


Proof: Let e > 0. Since lim[f(x)] =L, there is 6, >0 such that 0 < |x—r|< ô implies 
xor 
[f(x) —L| <e. Since lim[h(x)] =L, there is 6, >0 such that 0< |x—r|< 6, implies 
xor 
|h(x) —L| <e. Let = min{6,,6,} and let 0<|x-—r| <6. Then 0 < |x-—r|< ô, so that 
|f (x) — L| < e, or equivalently, -e€ < f(x) -L < e,or L — e < f(x) < L + e. We will need only that 
L—e< f(x). Similarly, we have 0<|x—r|<6,, so that |h(x)—L|<e, or equivalently, 
-e<h()-L<e,orL—e<h(x) <L+e. We will need only that h(x) < L +€. Now, we have 
L—e< f(x) < g(x) Sh(x%) <L+e.So, -e < g(x) —L < e, or equivalently, |g(x) — L| < e€. Since 
e > 0 was arbitrary, lim[g(x)] = L. Oo 
a 
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LEVEL 5 


14. Let ACR, let f,g:A > R such that g(x) #0 for all x E A, let r E R, and suppose that 
lim[f (x)] and lim[g(x)] are both finite real numbers such that lim[g(x)] # 0. Prove that 
x-r XOT. X>r 


se) 
xor L(x)! lim g(x)’ 
Proof: Suppose that lim[f(x)] = L and lim[g(x)] = K, and let € > 0. Since lim[g(x)] = K, there is 
war XƏT “=F 


6, > 0 such that 0 < |x —r| < 6, implies A — K| < KI, Now, |g(x)— K| < < is equivalent to 


-El <g(x)-K <“, or by adding K, K-"< g(x) ck +H fK >0, vise anoi <=. If 
en we have gw <É In both cases, we have K< lg(x)| <, Let M=". l Then 
i 
|g(x)| > M, and so, rat oy 
Now, since lim[f(x)] = L, there is 6, > 0 such that 0 < |x —r| < ô, implies |f (x) — L| < r, 
ye 2 i 
Since lim[g@)] = K, there is 63 > 0 such that 0 < |x —r| < 63 implies nee —K|< a Let 
ô = min{6,, 62,53} and suppose that 0 < |x — r| < 6. Then since ô < 6,, —— at w since ô < 65, 
lf(x) —L| < MIKI Since 6 < 63,|g(x) —K|< daa By the Triangle Inequality (and SACT), we have 
IK|+|L| |K|+|L| 
Fix) L = Kf (x) — Lg(x) -m KL + KL — Lg (x) E 
g(x) K Kg(x) Kg(x) Kg(x) Kg(x) 
O | Ee _|fG)-L + |e |e 9@)| _ fC) = l me 
-| Kg) Kg(x) g(x) | IKI gŒ g(x) KI| g(x) 


(ir — 11+ |F] lo — x1) < (PE 4 |e) I) = ee (1 + [EI 
f(x g| M\IKT+IL| IK|IK|+|L]) M ĮK|* ILI K 


__ikļe Sa 
K+ KI 


Ere] )| 


fo). 6. e 
So, lim (76) T k T limo 


15. Give a reasonable equivalent definition for each of the following limits (like what was done in 


Theorem 13.5). r and L are finite real numbers. (i) lim f(x) =- 090; (ii) lim f(x) =L; 
x>r X—+00 
(iii) lim f(x) = L; (iv) lim f(x) = +00; (v) lim f(x) =-%; (vi) lim f(x) = +00 
x> -0 X—+00 X—+00 x— =o 
(vii) lim f(x) =- 
x -00 


Equivalent definitions: 
(i) lim f(x) =- if andonlyif VM > 0 36 > 0 (0 < |x-r|<6- f(x) <-M). 
xr 
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(ii) dim fo = L if and only if Ve > 0 IK > 0 (x > K > |f(x~) -L| <€). 
(iii) jim f = L if and only if Ye > 0 IK > 0 (x < -K > |f(x) -L| < €). 
(iv) dim, f) = +00 if and only if YM > 03K > 0 (x >K > f(x) >M). 
(v) dim fE) = -œ if and only if YM > 0 3K > 0 (x > K > f(x) < - M). 


(vi) lim f(x) = +% if and only if YM > 03K >0(x<-K > f(x) >M). 
x> -0 


(vii) lim f(x) =-coifand only if VM > 03K >0(x<-K > f(x) <-M). 
x> -%0 


16. Let f(x) =- x? + x + 1. Use the M — K definition of an infinite limit (that you came up with 
in Problem 15) to prove lim f(x) =-%. 
XxX>T oo 


Proof: Let M > 0 and let K = max{ 22+ |M +5 Suppose that x > K. Then x-5> |M +2, and so, 


2 

(x-5) >M +>. So, x? x +2 >M +2. Thus, x? —x—1 >M. Therefore, -x?+x+1<-M. That is, 

f(x) <-M.So, lim g(x) =-©. Oo 
X—7+00 


17. Give a reasonable definition for each of the following limits (like what was done in Theorem 
13.6). r and L are finite real numbers. (i) lim f(x) =L; Gi) lim f(x) = +0; 
KOT x-r 


(iii) lim, f(x) = - 0; (iv) lim f(x) = +005 (v) lim f(x) = - %. 
Definitions: 
(i) jim f(x) = L if and only if Ve > 036 > 0(-6d <x-r<0->|f(x)-L| <e). 
(ii) Jm fx) = + if and only if YM > 038 >0(0<x-r<8->f(x)>M). 
(iii) Jm fO) = -œ if and only if YM > 0 346 > 0 (0<x-—r <-> f(x)<-M). 


(iv) lim f(x) = +œ% ifand only if YM > 036 >0(-8<x-r <0 -> f(x) >M). 
Xr 

(v) lim f(x) =-oifand only if YM > 036 >0(-6<x-r<0->f(x)<-M). 
X= 


18. Use the M — ô definition of a one-sided limit (that you came up with in Problem 17) to prove 
that lim — = - o. 
x>3- x-3 


Proof: Let M > 0 and let 5 =— If -6 <x-—3 <0, then -— < x —3 < 0, and so, we have —<-M. 


Since M > 0 was arbitrary, lim +_=-0, oO 
X3 X3 
x+1 po Sea = 
19. Let f (x) = e Prove that (i) im fo) = 0; (ii) lim, f(x) = +0. 
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Proofs: 


(i) Lete > 0 and let K = max {2,1+5}. Letx > K.Thenx—1> 1+=-1 = =, and therefore, 
— <5, Also, since x > 2, (x — 1)? — (x — 1) = (x — 1)(x— 1 — 1) = (x -1)(x—-2) > 0 


(because x -1 >2-—1=1>0 and x—2>2-—2>0). Thus, (x — 1)? > x — 1, and so, 


1 1 E : à , 
ee — 7 It follows from the triangle inequality (and SACT) that 


eee |- =- w= ‘ 2 =| 1 š 2 
(x — 1)? ~ 1@r=1)2 1° x-1} (x-1}| lx-1  @—17 
J 1 |+| 2 E 1 gS 1 Dpi Taa E 
“kel -Dl l Get o 2° a 
So, lim f(x) = 0. Oo 
X— +00 


(ii) Let M > 0 and let ô = min{1,<}. IfO<x-1<6,then0<x-1 <=, and so, we have 


+>" since 0 < x — 1 < 1, (x — 1)? < x — 1, and so, —— > —. So, we have 
x-1 3 (x-1)2 x-1 
x+1 Se ek x—1 $ 2 = 1 i 2 
(x—1) (x-1) (x-1) (x-1) x-1 (x-1) 
N 1 2 3 Si "ou 
x-1 x-1 x-1 3 
So, lim f(x) = +00. Oo 
x71 


if x is rational 


: 0 
20. Let f: R > R be defined by f(x) = { eye ee 


does not exist. 


Prove that for all r € R, lim[f(x)] 
xT 


Proof: Let r E R, let € = 3 and let ô > 0. By the Density Theorem (Theorem 5.10 from Lesson 5) and 


Problem 11 from Problem Set 5, there is a rational number x and an irrational number y such that 
r<xy<r+ô. So, we have 0 < |x—r|<6 and 0< |y-—-r|< 8. We also have f(x) = 0 and 


f(y) = 1. Let L E R. If lim[f(x)] = L, then |f (x) — L| < - and |f (y) — L| < Z, But then we would 
Kor 


have |f(x)— fF) = If) -L+L—FO)ISIF@)—-LI+IL-FO)<5+5=1. However, 
If (x) — fO) = |1 — 0| = 1. Since 1 < 1 is false, lim[f@)] does not equal L. Since L € R was 


arbitrary, lim[f(x)] does not exist. Oo 
kar 
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Problem Set 14 


LEVEL 1 


1. Let f:A > B and let X be a nonempty collection of subsets of B. Prove the following: (1) For 
any V E X, f[f-*[V]| S V; Gi) f-*[UX] = ULF [VY] | V € X}. 


Proofs: 


(i) Let V € X and let y € f[f~*[V]]. Then there is x € f~*[V] with y = f(x). Since x € f~1[V], 
we have y = f(x) € V. Since y € f[f~[V]| was arbitrary, f[f~*[V]] € V. o 


(ii) x € f~*[UX] if and only if f(x) € UX if and only if there is V € X such that f(x) € V if and 
only if there is V € X such that x € f~*[V] if and only if x E U{f~*[V] | V € X}. Since x was 
arbitrary, f-*[UX] = Uf{f-7[V] | V € X}. o 


2. Let (X, d) be a metric space. Prove that for all x € S, d(x, x) = 0. 


Proof: Let (X,d) be a metric space and let x € S. Then d(x, x) < d(x, x) + d(x, x) by the Triangle 
Inequality. So, 0 = d(x, x) — d(x, x) < d(x, x) + d(x, x) — d(x, x) = d(x, x). Oo 


LEVEL 2 


3. Prove that B = {X C R | R \ X is finite} generates a topology J on R that is strictly coarser 
than the standard topology. J is called the cofinite topology on R. 


Proof: Let x E€ R. Then X = R\ {x + 1} E€ B because R\ X = R \ (R \ {x + 1}) = {x + 1}, which is 
finite and x E€ R\ {x + 1} because x + x +1. So, B covers R. Let x E€ R, and let X,Y € B with 
xEXNY. Then R\X and R\Y are both finite and R\ (XNY)=(R\X)U(R\Y) (by 
De Morgan’s Law) is the union of two finite sets, thus finite. It follows that X N Y E B. Therefore, B has 
the intersection containment property. Since B covers R and has the intersection containment 
property, B is a basis for a topology T on R. 


If X is in B, then X is a union of finitely many open intervals and therefore, X is open in the standard 
topology on R. This shows that J is coarser than the standard topology. Since the standard topology 
on Ris T, and T is not (see Example 14.7), T is strictly coarser than the standard topology. Oo 


Notes: (1) See part 3 of Example 14.6 and part 2 of Example 14.7 for more information on the cofinite 
topology. 


(2) The topology generated by B is simply B U {Ø}. R is in the basis B because R \ R = Ø, which of 
course is finite. If X © B, then R \ UX = N{R\ A | A E X}. This is an intersection of finite sets, which 
is finite. So, UX € B. Finally, if Y © T andY is finite, then R \ NY = U{R\ A | A € FY}. This is a finite 
union of finite sets, which is finite. So, NY € B. 


It follows that J, the topology generated by B, consists of only the cofinite sets together with the 
empty set. 
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(3) Since (0, 1) is open in the standard topology of R and is not cofinite, by Note 2, (0,1) is not open 
in the cofinite topology. This gives another proof that the cofinite topology on R is strictly coarser than 
the standard topology on R. 


4. LetK = E Ine Z*\ B = {(a,b) |a,b ERAa<b}U {(a,b) \K | a,b E€ RAa < b}. Prove 
that B is a basis for a topology Jg on R that is strictly finer than the standard topology on R. 


Proof: We already know that the bounded open intervals alone cover R. So, B covers R. By Problem 6 
from Problem Set 6 (part (ii)), the intersection of two open intervals with nonempty intersection is an 
open interval. Furthermore, we have (a,b) N[(c,d) \K] =[(a,b) N(c,d)]\K and we have 
[(a, b) \ K] n [(c,d) \ K] = [(a,b) N (c, d)] \ K. This shows that B has the intersection containment 
property. Therefore, B is a basis for a topology Jx on R. We already saw in part 4 of Example 14.8 that 
Tx is strictly finer than the standard topology. Oo 


LEVEL 3 


5. Let (K,T) and (L,U) be topological spaces with (K,T) compact and let f:K > L be a 
homeomorphism. Prove that (L, U) is compact. 


Proof: Let C be an open covering of L. Since f is continuous and bijective, D = {f~1[B] | B € C} is an 
open covering of K. Since (K,T) is compact, there is a finite subcollection € © D that covers K. Since 
fT} is continuous and bijective, H = {f [f ~1[B]] | f-*[B] € E} covers L. By part (i) of Problem 1, 
f[f-*[B]] E B. Since H covers L, so does J = {B | f~1[B] € £}. Finally, J E C because if B € J, then 
f~*[B] € E. So, f~1[B] € D. Therefore, B € C. o 


Note: Since f is surjective, we actually have fif +IB]] = B. To see this, first note that by Problem 1 
above, we have fife] C B. For the other inclusion, let y E€ B. Since f is surjective, there is 
x € f-1[B] with f(x) =y. Then y= f(x) € f[f-*[B]]. Since y EB was arbitrary, we have 
BC f[f-1[B]]. Since f[f~*[B]] E B and B € f[f~1[B]], we have f[f~1[B]] = B. 


6. Let S be a nonempty set and let B be a collection of subsets of S. Prove that the set generated by 
B, {UX | X & B}, is equal to {A © S| Vx E AIB E B(x EBAB EC AD}. 


Proof: Let C = {UX | X © B} andletD = {A S S | Yx E€ AIB E B(x E BAB E A)}. First, let A E C. 
Then there is X © B such that A = UX. Let x E A. Then there is a B E€ X with x E B. Since X E B, 
B E B. Also, since B E X, B © UX = A. Therefore, A E D. Since A E C was arbitrary, C © D. 


Now, let A € D. For each x € A, there is By € B such that x € B, and B, © A. If y E A, then y E B}. 
So, y E U{B, | x € A}. So, A © U{B,, | x € A}. If y E€ U{B, | x E A}, then y E B, for some x E A. Since 
B, S A, y E A. Therefore, U{B, | x € A} S A. It follows that A = U{B, | x € A}. In other words, we 
have A = UX, where X = {B,, | x € A}. Since A E€ D was arbitrary, D € C. 


Since C E D and D E C, we have C = D. o 
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7. Define the functions d, and d, from C x C to R by d,(z,w) = |Re z — Re w| + |Imz—Imw| 
and d,(z,w) = max{|Re z — Re w|], |Im z — Im w|}. Prove that (C,d,) and (C, d2) are metric 
spaces such that d, and d, induce the standard topology on C. 


Proof: d,(z,w) = 0 if and only if |Re z — Re w| + |Im z — Im w| = 0 if and only if |Re z — Re w| = 0 
and |Im z — Im w| = 0 if and only if Re z — Re w = 0 and Im z — Im w = O if and only if Re z = Rew 
and Im z = Im wif and only if z = w. So, property 1 holds for d4. Property 2 follows immediately from 
the fact that |x — y| = |y — x| for all x,y € R. Let’s verify property 3. Let z, w, v E C. Then, we have 


d,(z,v) = |Re z — Re v| + |Im z — Im v| 
= |Re z — Re w + Rew — Re v| + |Im z — Im w + Im w — Im v| (by SACT) 
< |Re z — Re w| + |Re w — Re v| + |Im z — Im w| + |Im w — Im v| (by the Triangle Inequality) 


= |Re z — Re w| + |Im z — Im w| + |Re w — Re v| + |Im w — Im v| = d,(z,w) + d,(w, v). 
This shows that (C, d,) is a metric space. 


d,(z,w) = 0 if and only if max{|Re z — Re w|, |Im z — Im w|} = 0 if and only if |Re z — Re w| = 0 
and |Im z — Im w| = O if and only if Re z — Re w = 0 and Im z — Im w = O if and only if Re z = Rew 
and Im z = Im wif and only if z = w. So, property 1 holds for dz. Property 2 follows immediately from 
the fact that |x — y| = |y — x| for all x,y € R. Let’s verify property 3. Let z, w, v E C. Then, we have 


d,(z,v) = max{|Re z — Re v|, |Im z — Im v|} 
= max{|Re z — Rew + Rew — Re v|, |Im z — Im w + Im w — Im v|} (by SACT) 
< max{|Re z — Re w| + |Re w — Re v|, |Im z — Im w| + [Im w — Im v|} (by the Triangle Inequality) 
< max{|Re z — Re w|, |Im z — Im w|} + max{|Re w — Re v|, |Im w — Im v|} 
(In fact, it’s not hard to show that for all a, b,c,d E€ R, max{a + b,c + d} < max{a, c} + max{b, d}) 
= d,(z,w) + d,(w, v). 


This shows that (C, d,) is a metric space. 


Let d: C x C > R be defined by d(z, w) = |z — w|. We have already seen in part 1 of Example 14.10 
that d induces the standard topology on C. Let’s let T be the standard topology on C. 


Now, if z,w E C, then we have 
max{|Re z — Re w], |Im z — Im w|} < y (Rez — Rew)? + (Im z — Im w}? = |z —- w| 
< |Re z — Re w| + |Im z — Im w| < 2max{|Re z — Re v|, |Im z — Im v]}. 
Therefore, də (z,w) < d(z,w) < d,(z,w) < 2d,(z,w). 


So, if z E Candr E R*, then Br(z; d2) E B,(z; d1) © B,(z; d) S B,(z; d2). For example, to see that 
2 
Br(z; d2) E B,(z;d,), if w E€ Br(z;d3), then d,(z,w) < j so that 2d,(z,w) <r. Then since 
2 2 


d,(z,w) < 2d,(z, w), d,(z,w) < r, so that w E B,(z; d,). The other two arguments are similar. 
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Let U be an element of the topology induced by d4. For each z E U, let BAS d,) S U. Then for each 
zeéU, Brz(z; d>) & U. Therefore, U {Bre(zi dz)| ZE u} C U. Also, if w E U, then w E Bru (w; d2), so 
that weU {B-z dz)| zE u}. Therefore, U © U {Brz(z: dz)| ZE u}. It follows that we have 
U=U {Bzz dz)| z€ u}. This shows that the topology J, induced by d; is finer than the topology J; 


induced by d4. That is J, E Jz. Similarly, we have T © J, and Jz ST. These inclusions together show 
us that T = J, = J. So, dı and d, induce the standard topology on C. o 


8. Let(S,T) bea topological space and let A S S. Prove that J, = {A N X | X E T} is a topology 
on A. Then prove that if B is a basis for T, then B4 = {A N B| B € B} is a basis for Jy. Ty is 
called the subspace topology on A. 


Proof: Ø = A N Ø shows that Ø € J,. A = ANS shows that A E J. 
Now, let K © Jy. Then K = {A N X | X € H} for some H E T. So, 
UK = U{AnN X |X EH} =ANU{X |X EH} =ANVHA. 

Since H CT andT is a topology on S, UH E T. So, UX =ANUH EY). 
Similarly, if L © Jy is finite, then L = {A N X | X € G} for some finite G © T. So, 

NX =NM{ANX|X EGJ=ANNM{X|X EG} =ANNG. 
Since G & T is finite and T is a topology on S, NG E T. So, NX =ANNGET,. 
It follows that J, is a topology on A. 


Since B, & Jy, the set generated by B, is contained in the set generated by Jy, which is J,. Now, let 
U E J}. Then there is X € T such that U = AN X. Since B is a basis for J, there is H © B such that 
X = UH. Therefore, U = AN UH = U{AN X |X E H}, a union of elements from B4. So, J, is 
contained in the set generated by B4. It follows that B, and J, generate the same set. Therefore, B, is 
a basis for J}. o 


Notes: (1) Recall the generalized distributive law AN UX = U{A NB |B EX}. This law was 
introduced in Problem 11 in Problem Set 6. We used this law twice in this proof. 


(2) We also used the fact that N{A NX |X €G}=ANN{X |X EG}. This easy to show, but the 
dedicated reader should write out the proof in detail. 


LEVEL 4 


9. Let B' = {(a,b) | a,b E Q Aa < b}. Prove that B’ is countable and that B’ is a basis for a 
topology on R. Then show that the topology generated by B’ is the standard topology on R. 
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Proof: Define g:B’ > Q x Q by g((a, b)) = (a,b) (the open interval (a,b) is being sent to the 
ordered pair (a,b)—it is unfortunate that the notation for these two objects is identical). If 
g((a, b)) = g((c, d)), then (a,b) = (c,d) (as ordered pairs). So, a =c and b = d. Therefore, 
(a,b) = (c,d) (as open intervals). This shows that g is injective. So, B' 3% Q x Q ~ Q. Since Q is 
countable, so is B’. 


f x ER, then x -—1<x<x+1. By the Density Theorem, we can choose a,b E€ Q such that 
x-1<a<xandx<b<x+1. Then x E (a,b) and (a,b) E€ B’. So, B' covers R. Now, let x E€ R 
and (a,b), (c,d) E€ B’ with x E (a,b) N (c,d). By Problem 6 from Problem Set 6 (part (ii)), we have 
(a,b) N (c,d) = (e, f) for some e, f € R. By the Density Theorem, we can choose g,h € Q such that 
e<g<xandx<h<f. Then x € (g,h) and (g,h) S (a,b) N (c,d). So, B’ has the intersection 
containment property. It follows that B’ is a basis for a topology on R. 


Since every open interval with rational endpoints is open in the standard topology on R, the topology 
generated by B’ is contained in the standard topology. Let a,b € R. For each n E Z*, by the Density 


Theorem, we can choose gyn, E Q witha < qa <a + Z and b — = < 1% < b. We will now show that 


(a,b) = Uf{(dn m) | n € Z*}. If x E (a,b), then there is n € Z* with x € (a + =, b — 2) E (3%): 
So, x E U{(qn m) | n € Z*}. Therefore, (a,b) S Uf{(qn, m) |n € Zt}. If x € UL(dy, m) | n € Zt}, 
then there is n € Zt such that x E (qn, ™) ES (a, b). So, U{(dn,m) | n € Zt} & (a, b). It follows that 
(a,b) = U{(dn, %) | n E Z*}. Since (a, b) is a union of sets in B’, the standard topology is contained 
in the topology generated by B’. So, B’ generates the standard topology on R. Oo 


10. Let (S,T) be a T2-space and A © S. Prove that (A, T4) is a -space (see Problem 8 for the 
definition of J,). Determine if the analogous statement is true for T3-spaces. 


Proof: Let x,y E€ A with x + y. Since (S,J) is a T,-space, there are U,V € T with x E U, y E V, and 
UNV = Ø. Since x E A and x E U, x E A N U. Since y E Aand y E V, y E A N V. By the definition of 
T, ANU and ANV arein J. Finally, (AN U) N (ANV) =AN(UNV) =ANG@=Q.Sincex,y EA 
were arbitrary, (A, J,) is a T>-space. 


Let (S,T) be a T3-space and A € S. We will show that (A, J,) is a J3-space. 


Since (S, T) is a T3-space, (S, T) is also a T,-space. By the first paragraph, (A, J,) is a T2-space. Since 
every T,-space is a T;-space, (A, J,) is a T,-space. 


Let x € A and B CA \ {x} with B closed in J}. By definition, A \ B is open in Jy. So, there is C ET 
with A \ B = ANC. Since C E T, S \ C is closed in (S,T). Sincex EA\ B,x EANC.S0,x ES\C. 
Since (S,T) is a T3-space, there are open sets U,V ET withx E€ U,S\C SV, and UNV = Ø. Since 
x€AandxE€U,x € ANU. Let b EB. Then since BCA \ {x}, b E A. SincebEA\B, DEANC. 
Since b E A, b €C.S0,b E S \ C. Since b E B was arbitrary, B © S \ C. Since S \ C CV, B & V. Since 
BSAandBSV,B SANV. Finally, (ANU)N(ANV)=AN(UNV)=ANğØ= Ø. Since x EA 
was arbitrary and B & A \ {x} was an arbitrary closed set, (A, T4) is a T3-space. o 


Note: Once again, the topology J, in this problem is called the subspace topology on A. 
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11. Let (S4, 71) and (S3, T}) be topological spaces. Let B = {U x V | U E T AV E J}. Prove that B 
is a basis for a topology J on S4 X Sz, but in general, B itself is not a topology on S1 X Sz. Then 
prove that if B4 is a basis for J, and B, is a basis for Jz, then C = {U x V | U E€ B4 AV E Bo} is 
a basis for J. The topology T is called the product topology on S4 X S>. 


Proof: Let (x,y) € S1 X Sz. Since S1 E F, and Sz E D, Sy X Sp E B. So, B covers S4 X Sz. Now, let 
(x,y) € (U1 X V1) N (Uz X Vz), where U, X Vi, U2 X Vz € B. Since U4, Uz E F,, Uy N Uz E J}. Since 
Vi V2 E T, Va NA V2 E Ty. Therefore, (U1 N Uz) X (Vy N V3) E B. (x,y) € CU, X V1) N (Uz X V2) if and 
only if (x,y) € (U, X V,) and (x, y) € (U2 X V2) if and only if x € U4, y E Vı, x E Uz, and y E V; if and 
only if x € U4 N Uz and y E V; N V; if and only if (x, y) € (U1 N Uz) x (V1 N V2). Therefore, we have 
(U1 X V1) N (U; X V2) = (U1 N Uz) x (V1 N V2). So, (Uz X V1) N (Uz X V2) E B. Therefore, B has the 
intersection containment property. It follows that B is a basis for a topology on S4 X S3. 


Let S4 and S, be sets, each with at least two elements, let J; and J, be topologies on S4 and S,, 
respectively, and let T be the topology generated by B. Let a and b be distinct elements in S4, let c and 
d be distinct elements in S}, let U1, U, € J, witha E U}, b ¢ U,,a € U,,b E U, and let V1, V2 € Jz with 
c E Vi, d ¢ Vic € Vz,d E Vz. Then the set X = (U4 X V1) U (U; x Vz) is in T. However, X #U XV 
for any U E J, and V E T, because (a,c) E X, (b, d) E X, but (a, d) € X. 


Since B, S J, and B, S J}, C S B. Therefore, the set generated by C is contained in the set generated 
by B, which is T. Now, let U x V E B. Then U E J; and V E J}. So, U = UX for some X © B, and 
V = UY for some Y © B,. Therefore, U x V = UX x UY = U{AxB|AEXAB EY}, a union of 
elements from C. Therefore, T (the set generated by B) is contained in the set generated by C. It 
follows that B and C generate the same set. Since B generates J, so does C. So, C is a basis for7. o 


Note: The second paragraph in the proof above shows that if (S1, 71) and (S2, T3) are T,-spaces, each 
with at least two distinct elements, then B = {U x V| U ER AV ET} is not a topology on S, x Sz 
(but B does generate the product topology on S; x S3). 


LEVEL 5 


12. Let (S1, T1) and (S2, T2) be Tz-spaces. Prove that S4 X S, with the product topology (as defined 
in Problem 11) is also a T>-space. Determine if the analogous statement is true for T3-spaces. 


Proof: Let (x,y), (z,w) E S4 X Sp with (x,y) + (z,w). Then x #z or y +w. Without loss of 
generality, assume that x + Z. Since (S,,J;) is a T2-space, there are U,V € J, with x E U, z E V, and 
UNV = Ø. Then (x,y) E U x Sı, (z,w) E V X Sp, and 


Since (x, y), (z,w) E Sy X S, were arbitrary, S4 X Sz with the product topology is a T,-space. 


Let (S1, 71) and (S2, T3) be T3-spaces. We will show that S, X S, with the product topology is also a 
T3-space. 
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Let (x,y) E S1 X S and B E (S1 X S2) \ {(x, y)} with B closed in the product topology. Consider the 
open set (S1 X S2) \ B. Since (x,y) E (S1 X S2) \ B, there are sets U EJ, and V E Jz with x EU, 
y EV,andU xV & (S, X Sz) \ B. Since U and V are open sets in (S1, 71) and (S2, T3), respectively, 
Sı \ U and S, \ V are closed sets in (S4, 71) and (S2, T3), respectively. Also, x € S4 \ U andy € S, \V. 
Since (S4, 741) and (Sz, T3) are T3-spaces, there are open sets W4, Z4, W2, and Z, with x E W4, y E W», 
Sı \U S Z, S2 \ V S Zo, W, NZ, = Ø, and W3 NZ, = O. 


Since x € W, and y E W,, (x,y) E W, X W3. 


We now show that B E (Z, X S2) U (S1 X Z2). To see this, let (a,b) € B. Then (a,b) ¢ U x V. So, 
a ¢ U or b ¢ V. Without loss of generality, assume that a ¢ U. Then a E Z4. So, (a,b) € Z4 X Sp. It 
follows that (a, b) € (Z4 x S2) U (S1 X Z3). 


Finally, we have 
(W, x W2) N [(Z1 X S2) U (Sy x Z2)] = (CW, x W32) A (Z1 X S2)] U [m x W2) N (Sı x Z2))] 
= [(W1 N 21) x (W2 N S2)] U [(W, N S1) x (W2 N Z2)] 
= [Ø x (W2 N S2)] U [(W1 N $1) x Ø] = Ø x Ø = Ø. 


Since (x,y) € S4 X S, was arbitrary and B & (S4 X Sz) \ {(x, y)} was an arbitrary closed set, 5, X Sz 
with the product topology is a T3-space. Oo 


13. Let T, be the set generated by the half open intervals of the form [a, b) with a, b E R. Show that 
T; is a topology on R that is strictly finer than the standard topology on R and incomparable with 
the topology Jr. 


Proof: Let B = {[a, b) | a,b E R} and let J, be the set generated by B. Let x E R. Then x E [x,x +1). 
This shows that B covers R. If [a, b), [c,d) E B with [a, b) N [c, d) + Ø, then [a, b) N [c,d) = [e, f), 
where e = max{a,c} and f = min{b, d}. To see this, let x € [a, b) N [c, d). Then we have a < x < b 
andc < x < d. Sincea < xandc < x,e < x. Since x < band x < d, x < f. It follows that x € [e, f). 
Conversely, if x € [e, f), then e < x < f. Since a < e and c <e, a < x and c < x. Since f < b and 
f<d,x< band x <d. So, x E [a,b) and x € [c, d). Thus, x € [a, b) N [c, d). It follows that B has 
the intersection containment property. Since B covers R and B has the intersection containment 
property, B is a basis for a topology on R. 


To see that J; is finer than the standard topology on R, note that each basic open set (a, b) in the 
standard topology is equal to the union U fa + =, b) |n € z See Problem 8 from Problem Set 6 for 


a proof similar to what is needed to prove this result. 


To see that J; is strictly finer than the standard topology, just note that [0, 1) cannot be written as a 
union of bounded open intervals, for O would need to be inside one of those open intervals, and it 
would then follow that there is an x < 0 with x € [0,1). 
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The set (- 1,1) \ K is open in Jg. We show that (- 1,1) \ K is not open in Z. If (- 1,1) \ K is the union 
of sets of the form [a, b), then 0 would need to be inside one of those half-open intervals, let’s say that 


0 E [a, b). But then there is some n > 0 such that > < b (use the Archimedean property). Therefore, 
= E [a, b). This contradicts that = E K. This shows that J; is not finer than Jg. 


The set [0,1) is open in J,. We’ve already seen that [0,1) cannot be written as a union of bounded 
open intervals. If we throw additional sets of the form (a, b) \ K into such a union, then we still run 
into the same issue with 0. If 0 E (a, b) or (a, b) \ K, we would get an x < 0 with x € [0,1). o 


14. Prove that every metrizable space is T4. 


Proof: Let (S,T) be metrizable and let d be a metric on S that induces J. Let A, B be disjoint closed 
subsets of S. Let x E A. Since A N B = Ø, x € B. So, x is in the open set S \ B. Therefore, there is 


r, E Rt such that B,, (x) © S \ B. Let U = U fBra(x) | x € A}. Then U ET, ASU, and UNB = 9. 
2 
Similarly, for each x E€ B, let V = U { Brx(x) | xE B}; so that V ET,B G&V,and V NA= Ø. 
2 


We now show that U NV = Ø. Ifa E€ UNV, then there is x E A and y E B witha E Brx(x) N Bry(y). 
2 2 


Then d(x,y) < d(x,a) + d(a, y) < E + z, Without loss of generality, assume that r, < ry. Then, we 
have d(x,y) e i si So, y €B, (x); Since B) ESN\B, yes\B. 5o yB, a 
contradiction. It follows that U N V = Ø. o 


15. Consider the topological space (R, J;,). Prove that R? with the corresponding product topology 
(as defined in Problem 11) is a T3-space, but not a T4-space. 


Proof: We first show that (R, J, ) is a T,-space. Since J;, is finer than the standard topology on R, and 
the standard topology is a T,-space, J; is also a T,-space. Now, let A, B be disjoint closed subsets of R. 
For each a E A, we have a ¢ B. So, a E€ R \ B. Since R \ B is open, there is a basic open set [c, xa) 
containing a such that [c,x,) E R\B. Since c <a, we have [a,x,) E [c,xq), and therefore, 
l[a, xa) E R \ B. So, [a, xa) N B = Ø. Similarly, for each b E B, we can find x, so that [b,x,) NA = Ø. 
Let U = Uf{[a, xa) |a E A}and let V = U{[b, x,) | b € B}. U and V are unions of basic open sets, thus 
open. Clearly, A E U andB E V. 


We show that U N V = Ø. Suppose toward contradiction that z € UNV. Then there is a € A and 
b € B with z E [a,x,) and z E [b, xp). Without loss of generality, assume thata < b. Since z E [b, xp), 
we have b < z. Since z E [a, Xa), we have Z < xa. So, a < b < Z < xa. It follows that b E [a, xa), 
contradicting [a, xa) N B = Ø. This contradiction shows that U N V = Ø. So, (R, T;,) is a T,-space. 


Since (R, J,) is a T,-space, it is also a T3-space. 


Let T be the product topology on R? with respect to the topology J;,. By the proof of Problem 12, 
(R?, T) is a T3-space. 


We will now show that (R2, T) is not a T,-space. 
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Assume toward contradiction that (IR?, T) is a T,-space. Let D = {(x,-x) | x € R}. D is a closed set in 
the standard product topology on R (as are all lines). Since J, is finer than the standard topology on R, 
D is also closed in (R?,7). 


Furthermore, Jp is the discrete topology on D. To see this, observe that the point (x, - x) is equal to 
the intersection of D with the basic open set [x,x + 1) x [-x,-x + 1). Therefore, every singleton set 
{(x,-x)} is open in Jp. It follows that all subsets of D are both open and closed in (D, Jp). 


If A S&D, since A is closed in (D, Jp) and D is closed in (R2, T), it follows that, A is closed in (R2, T) 
(Why?). So, for any A S D with A + Ø and A  D, both A and D \ A are closed in (R?, T). Since we 
are assuming that (R?, T) is a Ty-space, we can find disjoint U4, V4 € J with A S U; and D \ AG Vy. 


Define f: P(D) > P(Q x Q) by f(Ø) = Ø, f(D) = Q x Q, and f(A) = (Q x Q) NU, for A + Ø and 
A + D. We show that f is injective. 


Let A,B E P(D), both nonempty, both not equal to D or each other. Without loss of generality, assume 
there is (x,-x) € A \ B. Then (x,- x) € D \ B. Therefore, (x,-x) € U4 N Vg. Since U4 N Vp is open 
and nonempty, by the Density Theorem, there is (a,-a) € (U4 N Vg) N (Q x Q). Therefore, we have 
(a,-a) E (Q x Q) NU, = f (A) and (a,- a) ¢ (Q x Q) N Ug = f (B). So, f(A) + f (B). 


Also, note that if A € P(D), with A + Ø and A + D, then f(A) = (Q x Q) NU, is not empty because 
Q x Q has nonempty intersection with any open set, and f(A) = (Q x Q) NU, is not Q x Q because 
CQ x Q) NA V, # Ø. It follows that f is injective. 


So, P(D) < P(Q X Q) ~ P(Q) ~ P(N) ~R ~ D, contradicting Cantor’s Theorem. Oo 


16. Let (S1, 71) and (S2,J>) be metrizable spaces. Prove that S4 x Sz with the product topology is 
metrizable. Use this to show that (R, J;,) is not metrizable. 


Proof: Let d,; and d, be metrics that induce the topologies J, and J, respectively. Define 
d: (S1 X S2) X (S1 X S2) > R by d((a,b), (c,d)) = max{d,(a,c),d2(b,d)}. We first show that d 
defines a metric on S4 X S2. We have d((a, DIAG, d)) = 0 if and only if max{d, (a, c), d,(b, d)} = 0 if 
and only if d,(a,c) = 0 and d,(b,d) = 0 if and only if a = c and b = d if and only if (a, b) = (c,d). 
So, property 1 holds. Property 2 is clear. For property 3, Let (a, b), (c, k), (e, f) € S1 X S2, Then 


d((a, b), (e, f)) = max{d,(a, e), d2(b, f)} < max{d,(a,c) + d,(c,e), d2(b, k) + dz(k, f)} 
< max{d, (a,c), dz(b, k)} + max{d,(c, e), d2(k, f)} = d((a, b), (c, k)) + d((c, k), (e, f)). 


We now show that d induces the product topology on S4 X Sp. 
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Let B = B,((x,y);d) be an arbitrary open ball in the topology induced by d. We show that 
B = B,(x;d,) X B-(y; dz). If (a,b) E B, then max{d,(x, a), dz(y,b)} = d((x,y), (a, b)) <r. 50, 
d,(x,a) < r and d3(y,b) < r. Thus, a € B(x; d1), b E B,(y; dz). So, (a, b) € B,(x; d1) X B-(y; dz). 
Therefore, B © B,(x; d1) x B, (y, dz). Now, if (a,b) € B,(x;d,) X B-(y; dz), then a E B,(x; d4) and 
b € B,(y; dz). So, dı(x,a) <r and dz(y,b) <r. So, d((x, y), (a, b)) = max{d,(x, a),d2(y, b)} <r. 
Therefore, (a,b) €B. So, B,(x;d,) X B,(y;d2) SB. Since B S B,(x;dı) X B-(y,dz) and 
B, (x; d1) X B.(y; dz) E B, we have BC B,(x;d,) x B,(y, dz). This shows that B is open in the 
product topology. Therefore, the product topology is finer than the topology induced by d. 


Conversely, a basic open set in the product topology has the form B, (x; d1) X B,(y; d2), and we saw 
that this equal to B,((x, y); d). It follows that each basic open set in the product topology is open in 
the topology induced by d. Therefore, the topology induced by d is finer than the product topology. 
So, d induces the product topology. 


Now, assume towards contradiction that (R, J) is metrizable. It follows that R? with the 
corresponding product topology is metrizable. By Problem 14, R? with the product topology is a 
T,-space, contradicting Problem 15. So, (R, J;,) is not metrizable. Oo 
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Problem Set 15 


LEVEL 1 


1. In Problems 11 and 12 below, you will be asked to show 


WwW (=) = (2. 5), Use this Eee to E the sine, cosine, 


that w (=) = G, 8) and 


and ee of each of the 


following angles: (1) = (ii) > : ii) 2 = T ivf = Tv2 =; (vi) = T (vii) = =; (viii) = an 
Solutions: 
(i) By Problem 12, W (=) = (2,2). So, cos = = 3 sin= > Z and tan = = alls = =. = = 5 
(ii) By Problem 11, W E) = 6,5). So, cos = = Z sin? = = and tan = = = = . E = v3. 
(iii) Since = = — > by the symmetry of the unit circle, W (=) = (-5. 8). It follows that 


i RIE 
21 1. an v3 21 sm _ v3 /-2 
Os =n a: and tan = = = = (=) =-v3. 


TT 
cos— 2 
3 


(iv) Since = =m— 7 by the symmetry of the unit circle, W (=) 


L 
FF 


V3. 


eee a 
57 V3 . 5m_1 Sr. Stn. a 2 
cos — = -—, sin— = =, and tan— = —3 = -= 

6 2 6 2 6 cos% 2 


N 


(v) Since 2 = t , by the symmetry of the unit circle, W (= 
cos = Bin? = = ates = =( =) == 
6 2 E~ x? 6 cos v3. NED 


= (-—,5). It follows that 


T) = = (-%,-2). It follows that 


(vi) Since = =F = by the symmetry of the unit circle, W (=) = (-2,-). It follows that 


3 


4 1 4 v3 4 sin V3 (-2 
TT > TT TT a = 
me =e ra cay and tan — = —# =->(=) = v3. 


2 3 2’ 3 cos ZAJ 


(vii) Since z = 2n — = by the symmetry of the unit circle, W | 


sa Š v3 sx sin 

TT A m TT 

cos — = =, sin = =-—, and tan = = -=-2. “=-\3 
3 2 3 2 3 cos% 


(viii) Since = = 2m — — =, by the symmetry of the unit circle, W (=) 


17 
lin _ v3 sina = L and tan t1" = sin -i 2. i 
a . "cos = 9 aa" B 


2. Use the sum connie eee 15.1) to compute the cosine, sine, 


117 197 


following angles: j= 2 (DS z Gii) -> ; (iv) TE 
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= 6-5). It follows that 


= (Z, -*), It follows that 


and tangent of each of the 


Solutions: 
v2 V3 v2 1_ v6-v2 


3 57 T TT T T TEE E 8 
(i) cos = cos (Z + Z) = coscos* — sinsin? = 
4 6 4 6 4” 6 


12 a 2a 4 
z Se È TT TT 254 a0 TT m o m V2 V3 V2 J V6 + V2 
sin — = sin (- +- j} = sin- cos- + cos—sin= = —:-—+ —:+> 5M 
12 4 6 4 6 a 2 2 ee 4 
x STE 
R ea 4 _ vV6+v2 
12 cos== 4 vV6-vV2 v6- V2 
$ T ™ a T T a ae 2 V3 2 1 V6+v2 
(ii)  cos— = cos (- — =} = cos -cos = + sin-sin==—:—+—--= 
12 4 6 4 6 a ee oie cae ee 4 
T v2 V3 v2 1_ v6-v2 
sin— = sin (- — -= }) = sin = cos = — cos = sin- = —:-——-—-= = 
12 6 2 2° 2 2 4 
a Ie 
N a a te 4  _ v6-Vv2 
12 cos 4 Vv6+vV2 V6+V2° 
12 
ve itr to 2n 1 20 r , 2a v2 il v2 V3 -V2-V6 
(iii) cos — = cos |- + — }) = cos = cos — — sin = sin — = —: | - =] — =- = = ——. 
12 4 3 4 3 4 3 2 2 2 2 4 
= CIR r TT 2n 2... i Zi 7 e 2 V2 1 V2 V3 -V2+V6 
sin — = sin |- + — ) = sin = cos — + cos-sin— = —-(-=)+—:—=——. 
12 +. * 3 4 3 4 3 2 2 2 2 4 
ia LIE 
eg ee 4  _-V2+v6_ V2-vV6 
12 cos 4 -V2-V6 -V2-V6 vV2+V6 
A 197 5m T 57 T » ST... M v2 1 V2 V3 -V2+V6 
(iv) cos—-=cos{— +=) = cos— cos% — sin—sin==-—-=— SS 
12 4 °3 4 3 4 3 e 2 2 2 4 
s 19% ; 57 TT s o TT Dm =- 3 2: V2 V3 -V2 -V6 
sin — = sin (— +—) = sin — cos = + cos — sin = = -—--+(-—]-— = ——. 
12 4 3 4 3 4 3 2 2 a} 2 4 
+ 197 
gt ae te e ak _ -V2-V6__ V2+v6 
12 cos 4 246 2V6 vZ-ve 


LEVEL 2 


3. Each of the following complex TE SS are tonto in eromena foai Lai Mo each complex 
ÈE 197 


number in standard form: (i) e”; (ii) e~ 2‘; (iii) Zea; : (iv) 2e3!: ; (v) V2 Ze! ; (vi) me 4°; (vii) e12 


Solutions: 


(i) e™=cosa+isinn =-1+0i=-1. 


(ii) e-3! = cos(- =) + isin (- =) = cos — isin = 0-1i=-i 


24% ;) = si at 
2 2 


(iii) ger =3 (cos + isin?) = 3 ( ga 
(iv) 2e3' = 2 (cosZ + isin 7) = 3 (4+ Ži) = 238, 
= 


2 
TIC x 
(v) V2e 6! = VZ (cos + i sin Z v2 (-2-1i) =-- i. 


2 
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; Pia 51 Lot 51 5m 3. , 5T mv2 . nv2, 

(vi) me 4 =m\{cos(|-—)+isin(-—))=z cos —- — tsin—- =-—+——L 
4 4 4 2 2 

T oor 19%... 19%  -V2+V6 =V2 ~ V6 5 

(vii) e212 = cos- trisno F + . 


4. Each of the following complex numbers are written in standard form. Rewrite each complex 
number in exponential form: (i) - 1 — i; (i) V3 + i; (iii) 1 — V3i; (iv) (= i 2) FF (£5 i. 


Solutions: 
0 -r= (D +i aitti, so, r= tnð =—=1. So, 0 =r+2=2 
Therefore,- 1 — i = Jer = /2e rad 
ü) r? = (V3) +12=341=4. So, r=2. tng=+ 
V3 +i = 2e, 
üi) r? = 12+ (V3) =1+3 = 4. So, r = 2. tang ==. So, 0 = 


= = Therefore, we have 
(Weiser. 


2 2 
(iv) r = (44%) +(4*) = eee on = ri So, r=1. By part 2 of 


Problem 2, 0 = —. Therefore, (£ 7) + (£ Bi = si = Sa. 
12 4 4 


4 
5 
5. Write the following complex numbers in standard form: (i) (Z FF 2 i) ; (ii) (1 + V3 i) ; 


Solutions: 


(i) fz=24+%; then r = (2 = |Ż+Ž=1 and tang = 


So, in exponential form, z = ea! ' Therefore, Ty = i) = (e# | = eM =-1. 


=i so that 0 =F. 


slabs 


(ii) fz = 1 + V3i, thenr = |1? + (v3) =v1t+ = 4andtan9 = Č = V3, sothat 8 = ©. So, 


T, 5 m5 5T, 
in exponential form, z = e3'.Therefore, (1 + v3i) = (2e3') = 25e3' = 16 — 16v3i. 


LEVEL 3 


6. Use De Moivre’s Theorem to prove the following identities: (i) cos 20 = cos? 0 — sin? 0; 
(ii) sin 20 = 2 sin 8 cos 8; (iii) cos 30 = cos? 8 — 3 cos 0 sin? @. 


Proofs: 


(i) | By De Moivre’s Theorem, (e'9)° = e'29) so that (cos@ + isin 0)? = cos 26 + isin 20. 
Multiplying the left-hand side gives us 
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(cos 8 +isin@)* = (cos 8 + isin@)(cos 8 + isin@) = cos? 8 — sin? 6 + i(2 sin 8 cos 0). 


So, cos? 9 — sin? 0 + i(2 sin 0 cos 0) = cos 20 + isin 20. Equating the real parts of this 
equation gives us cos? 0 — sin? 0 = cos 28. oO 


(ii) By (i), we have cos*@—sin?6+i(2sin@cos@) = cos20 +isin20. Equating the 
imaginary parts of this equation gives us 2 sin 8 cos 0 = sin 20. o 
(iii) By De Moivre’s Theorem, (2!) = e'39) so that (cos@ + isin 0)? = cos 36 + isin 30. 
Multiplying the left-hand side and using the computation from (i) gives us 
(cos 6 + isin 0)? = (cos? 0 — sin? 6 + i(2 sin 6 cos 8))(cos 6 + isin 0) 
= (cos? 8 — cos @ sin? 0 — 2 cos @ sin? 0) + i(cos? 8 sin@ — sin? 0 + 2 cos? 0 sin@) 
= (cos? 6 — 3cos@ sin? 0) + i(3 cos? 0 sin@ — sin? 6) 
So, (cos? 6 — 3 cos @ sin? 0) + i(3 cos? 8 sin 80 — sin? 8) = cos 36 + isin 30. Equating the 
real parts of this equation gives us cos? 9 — 3cos@ sin? 6 = cos 30. oO 
Note: Equating imaginary parts in (iii) gives us one more trigonometric identity: 
sin 30 = 3 cos? @sin@ — sin? 0 


7. Suppose that z = ret? and w = se’? are complex numbers written in exponential form. Express 
each of the following in exponential form. Provide a proof in each case: (i) Zw; (ii) = 


Solutions: 
(i) zw =reť set? =rse%e' = rs(cosé +isin@)(cos¢ + ising) 
= rs[(cos 8 cos ġ — sin@ sing) + i(sin@ cos @ + cos 8 sin f) | 
= rs[cos(6 + $) + isin(8 + ¢)] = rseOt%, 


Z rel r ele-id sae el(@-4) 


ij == =-->» =i te $). 
(ii) w sed s eibeip 5 eilo-b) n 


8. Write each function in the form f(z) = u(x,y) + iv(x,y) and f(z) = u(r,0) + iv(r, 8): 
© f@ = 2z? - 5; Gi) f2) = Gii) fC) =z? +27 +z +1. 
Solutions: 
(i) f(z) = 2z? — 5 = 2(x + yi)? — 5 = 2(x? — y? + 2xyi) — 5 = (2x? — 2y? — 5) + 10xyi 
f(g) =227 -—5= 2(rei?)” =5 = 2(r2e!@%) —5 = 222) _5 
= 2r7(cos 20 + isin 20) — 5 = (2r? cos(20) — 5) + i(2r? sin 20) 


Be es aaa 
(ii) {Gi=-= > Z zZ x+y? x2ty2 x+y? 
Ie slaaf A remi- = ate 
iZj= r =z =te = = (cos( 0) + isin(-@)) = (cos 0 isin 0) 


1 1 
=—cos@ +i(=sino) 
F r 
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(iii) f(z) = z? +z? +z +1 = (x + yi)(x? — y? + 2xyi) + (x? — y? + 2xyi) + (x + yi) +1 
= x? — xy? — 2xy? + (x?y — y? + 2x?y)i + (x? — y? + x + 1) + (2xy + y)i 

(x? — 3xy?) + (Bx?y — y?)i + (x? — y? + x +1) + (2xy + y)i 

= (x? — 3xy? + x? — y? + x + 1) + (3x?y — y? + 2xy + y)i 


f(z) =z? +z?+z+1= (rei®)” + (rei®)” + re? 4.1 =r? reih) 4 pel +1 
= r3(cos 30 + i sin 30) +r7(cos 20 + isin20) +r(cos6+isin@)+1 
= (r? cos(30) + r? cos(20) + r cos @ + 1) + i(r? sin(30) + r? sin(20) + r sin 6) 


9. Let f(z) = x? — y? — 2x + 2y(x + 1)i. Rewrite f(z) in terms of z. 
Solution: f(z) = x? — y? — 2x + 2y(x + 1)i = x? — y? + 2xyi — 2(x — yi) = z? — 2Z. 


Note: We can also do this formally by replacing x = Re z by — and y = Im z by a In this case, we 


243) fe =z z+Zz z—-Z\(z+z 
reo =() -(H) -2( 2 )+2(SE)(E +1): 
Zt+Z 


Z? +2277+7 z -2272+77 
-A AT erare- 41) 


get 


4 -4 
Z? +2277+7 z2 -22Z+7 Zz+Z 
22 ge E a 
4 4 2 
22? + 27 


1 
7 -2-74(5(2?-7")+2-7) 


1 1 
a +7’) -~2-74(5(2 —7z) +2-7) 
1 1 
= ale +7) Pale -7°) —27 
= 7z? — 27. 
10. Find all complex numbers that satisfy the given equation: (i) zê — 1 = 0; (ii) z* + 4 = 0. 


Solutions: 
0 2k 


P kt. 
(i) We are looking for the sixth roots of unity. So, z = Tells) = e3" for k =0,1,2,3,4,5. 


kr. 
Substituting each of these values for k into the expression e 3” gives us the following 6 sixth 


roots of unity. 


(2k+1)1, 


ii) We are looking for the fourth roots of - 4. So, z = elluta)=V2e 4 ork =) 12,4: 
(ii) looking for the fourth f-4 gena) = V2 ‘fork = 0,1,2,3 
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kr. 
Substituting each of these values for k into the expression e 3° gives us the following 4 fourth 


roots of - 4. 


I1ti-1tiLi-1=i1=i 


LEVEL 4 


11. Consider triangle AOP, where O = (0, 0), A = (1, 0), and P is the point on the unit circle so that 
angle POA has radian measure = Prove that triangle AOP is equilateral, and then use this to prove 


that W E) = (=). You may use the following facts about triangles: (1) The interior angle 


measures of a triangle sum to 7 radians; (11) Two sides of a triangle have the same length if and 
only if the interior angles of the triangle opposite these sides have the same measure; (iii) If two 
sides of a triangle have the same length, then the line segment beginning at the point of 
intersection of those two sides and terminating on the opposite base midway between the 
endpoints of that base is perpendicular to that base. 


Proof: Let’s start by drawing the unit circle together with triangle AOP. We also draw line segment PE, 
where E is midway between O and A. By (iii), PE is perpendicular to OA. 


Since OP and OA are both radii of the circle, they have the same length. By (ii), angles OAP and OPA 


i ; TT 3T T 2T 
have the same measure. By (i), the sum of these measures is m — a Van tak So, each of angles 


OAP and OPA measure : radians. It follows from (ii) again that triangle AOP is equilateral. 


Now, OP = 1 because OP is a radius of the unit circle and OF = because OA is a radius of the unit 
circle and E is midway between O and A. Since triangle OEP is a right triangle with hypotenuse OP, by 


2 
the Pythagorean Theorem, PE? = OP? — 0E? = 12 — (5) =1--=- So, PE = i sns j 
2 4 4 4 v4 2 
T) — /1 V3 
follows that W (=) = E5). o 
12. Prove that W (=) = (£, *). You can use facts (1), (i1), and (iii) described in Problem 11. 
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Proof: Let’s start by drawing a picture similar to what we drew in Problem 1. We draw P and Q on the 
unit circle and A on the positive x-axis so that angle AOP has radian measure > angle AOQ has radian 


measure = and A is right in the middle of the line segment joining P and Q. 


By reasoning similar to what was done in Problem 1, we see that triangle POQ is equilateral and OA is 
perpendicular to PQ. 


Now, OP = 1 because OP is a radius of the unit circle and PA = = because A is midway between P and 


Q. Since triangle POA is a right triangle with hypotenuse OP, by the Pythagorean Theorem, 


2 
psor sar ern G) Sine merwe Dis i Wat jitfu that 
2 4 4 4 v4 2 


w= : 


13. Let 0 and ¢ be the radian measure of angles A and B, respectively. Prove the following identity: 
cos(@ — @) = cos 8 cos ġ + sin 8 sing 


Proof: Let’s draw a picture of the unit circle together with angles 0, @, and 0 — @ in standard position, 
and label the corresponding points on the unit circle. 


C(cos(6 — $), sin(@ — $)) q 
z4- B(cosġ,sin ġ) 
a a l 
D(cos 0,sin 0) KA D A(1, 0) 


2S 


Since the arcs moving counterclockwise from A to C and from B to D both have radian measure 
0 — ©, it follows that AC = BD, and so, using the Pythagorean Theorem twice, we have 


(cos(@ — p) — 1)? + (sin(@ — p) — 0)? = (cos 8 — cos p)? + (sin 8 — sin p)? 
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The left-hand side of this equation is equal to: 
(cos(@ — p) — 1)? + (sin(@ — p) — 0)? 
= cos?(9 — p) — 2cos(@ — p) + 1 + sin?(@ — ¢) 
= (cos? (8 — p) + sin? (0 — ¢)) — 2 cos(8 — p) +1 
= 1 — 2 cos(0 — p) + 1 (by the Pythagorean Identity) 
= 2 —2cos(@ — p) 


The right-hand side of this equation is equal to: 

(cos 6 — cos ġ)? + (sin 0 — sind)? 

= cos? 0 — 2 cos 0 cos + cos? f + sin? 0 — 2 sin 0 sing + sin? 
= (cos? 0 + sin? 0) + (cos? @ + sin? ¢) — 2 cos 8 cos g — 2 sin 0 sin 
=1+1-2cos@cos¢@ — 2 sin 8 sin ġ 

= 2 — 2 cos 0 cos ġ — 2 sin 0 sin 
Therefore, we have 2 — 2 cos(0 — p) = 2 — 2 cos 8 cos ġ — 2 sin 0 sin @. Subtracting 2 from each 
side of this equation gives us - 2 cos(8 — @) = - 2 cos 8 cos ġ — 2 sin 8 sin ġ. Multiplying each side of 
this last equation by -Ż gives us cos(0 — ġ) = cos® cos ġ + sin 9 sin ¢, as desired. oO 


14. Let 0 and @ be the radian measure of angles A and B, respectively. Prove the following identities: 
(i) cos(8 + $) = cos 8 cos g — sin @ sin g; (ii) cos(a — 0) =- cos 8; (iii) cos E — o) = sin ; 
(iv) sin E — o) = cos 8; (v) sin(ð + $) = sin 8 cos ġ + cos 8 sin ġ; (vi) sin(r — 0) = -sin 8. 


Proofs: 
(i)  cos(80 +) = cos(6 -—( )) = cos 6 cos(- h) + sin 8 sin(- p) (by Problem 13) 
= cos 6 cos ġ — sin @ sin @ (by the Negative Identities). Oo 


(ii) cos(m — 0) = cos m cos 0 + sin m sin 8 = (-1)cos0+0-sin@ =-cos@. 


(iii) cos (Z — 6) = cos% cos 8 +sin=sin9 = 0 - cos 8 +1-sin@ = sind. o 
(iv) sin(=-@) = cos (3 - (Z- 6)) = cos (2-4 +6) = cos. oO 
(v) sin(@+@) = cos z- (0 + ¢)) = cos ((E- o) — $) 
™ n T $ ë ä 
= COS =- o) cos ġ + sin (= - o) sing = sin 8 cos ġ + cos 0 sin @. o 
(vi) sin(r — 0) = sin m cos 0 + cos r sin 8. = 0 - cos 0 + (-1)sin@ = -sin 8. o 
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15. Let z,w E C. Prove that arg zw = arg z + arg w in the sense that if two of the three terms in the 
equation are specified, then there is a value for the third term so that the equation holds. Similarly, 
prove that arg — = argz — argw. Finally, provide examples to show that the corresponding 


equations are false if we replace “arg” by “Arg.” 


Proof: Let 0 and ġ be any values of arg z and arg w, respectively. Then there are positive real numbers 
r ands such that z = re’? andw = se’®. By Problem 7, zw = rse't®), So, 0 + ¢ is a value of arg zw. 
Next, without loss of generality, choose values for arg zw and arg z, so that for some j,k € Z, arg zw = 
(6 + p) + 2jm and argz = 0 + 2kr. If we use ġ + 2(j — k)r for arg w, we have 


argzw = (0+) + 2jn = (0 + 2kn) + (6 + 2G —k)n) = argz + argw. 


Once again, let 0 and ¢ be any values of argz and arg w, respectively. Then there are positive real 
numbers r and s such that z = re’? and w = se’®. By Problem 7, - = oe. So, 0 — dis a value 
of arg = Finally, without loss of generality, choose values for arg — and arg z, so that for some j,k E Z, 


arg— = (0 — $) + 2jm and argz = 6 + 2km. If we use @ + 2(k — j)r for arg w, we have 
8w J 8 j g 
arg = (0 — $) + 2jm = (0 + 2km) — ($ + 2(k — fm) = argz — arg w. 


3R.: T 
To see that the equation Arg zw = Arg z + Argw is false, let z = e4" and w = e?*. Then we have 


mw, TEs (= zji 57. 3 57 


= i =i _ + = = a, _ 31 _ 3t , 
zw =ę4 ę2 =e\4 2/ =e4 =e 4 . So, Arg zw =-—-, whereas Argz + Argw = —-+>=—. 


31. T 
To see that the equation Arg— = Argz — Argw is false, let z = e+ and w =e 2. Then we have 
37. 


Z e4 EE 2 sa Z 310 31 TT 57 
“= vase 3) =g; =p +, So, Arg= = -#, whereas Argz — Argw = —=—(-") === o 
w er w 4 4 2 4 


LEVEL 5 


16. Define the function f:C > C by f(z) =z. Determine the images under f of each of the 
following sets: (i) A = {x + yi | x? — y? = 1}; Gi) B={x+yilx >OAy>O0A xy < 1}; 
(iii) C = {x + yi |x >OAy = 0}; (vi) D = {x + yi | y = 0}. 


Solutions: 
(i) f(z) = z? = x? — y? + 2xyi. So, u(x, y) = x? — y? and v(x, y) = 2xy. When x? — y? = 1, 
u(x,y) =1. It follows that f[A] E {u + vi |u = 1}. Now, x? — y? = 1 is equivalent to 


x? = y? +1orx = t4 y? +1. When x = 4y? +1, v(x, y) = 2yVy? + 1. v is a continuous 
function with lim v(x, y) = -œ and lim v(x, y) = +00, It follows that the image of A under 
y [00] 


y> -00 
the function f defined by f(z) = z? is the entire vertical line u = 1. In other words, we have 
f{A] = {u + vi |u = 1}. 
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(ii) When 0 < xy < 1,0 < v(x, y) < 2. It follows that f[B] E {u + vi | 0 < v < 2}. Let’s choose 
an arbitrary but specific real number a between 0 and 2 and consider v(x, y) = a. Then we 


a ay? a? 
have 2xy =a, or equivalently, y = zy S0, u(x, y) = x? — (=) ZK — Fz Now, u is 
continuous on (0, +00) with dim, u(x, y) =- œ and im u(x, y) = +00. It follows that the 
image of B under the function f defined by f(z) = z? is the entire horizontal strip 0 < v < 2. 
In other words, we have f[B] = {u+ vi|0 <v < 2}. 

(iii) As we saw in part 4 of Example 15.7, f(z) = r?eiC® = r?cos20 +isin20. So, 
u(r,@) =r*cos26 and v(r,6) =r*sin26. Now, if x> 0 and y 2 0, thenO<@< It 
follows that 0 < 26 < r. So, 0 < sin 20 < 1, and therefore, 0 < r? sin 20 < r? as r ranges 
over all possible nonnegative real numbers. Thus, v > 0. So, f [C] S {u + vi | v = 0}. Now, if 
u + vi is an arbitrary complex number with v = 0, let u = r cos ġ and v = r sin ọ withr = 0 


$, ; 
and 0 < @ < m. Let z = Vre2’. Then z € C and f(z) = re®'. It follows that the image under C 
is the entire half plane v > 0. In other words, we have f[C] = {u + vi | v = 0}. 


(iv) Once again, we have f(z) = r?etC®) = r? cos 280 + isin 26, so that u(r, 8) = r? cos 26 and 
v(r, 0) = r° sin 24. Now, if y > 0, then 0 < 8 < 7. We will show that f [D] = C. If u + vi is an 
arbitrary OR number, let u = r cos ġ and v = r sin ġ with r > 0 and 0 < ¢ < 2r. Let 


p= ree, Then z E€ D and f(z) =re®™. It follows that the image under D is the entire 
complex plane. In other words, we have f[D] = C. 


17. Let ACC, let f:4 > C, let L = j + ki E€ C, and let a = b + ci E C be a point such that A 
contains some deleted neighborhood of a. Suppose that f(x + yi) = u(x, y) + iv(x, y). Prove 


that lim f(z) = L if and only if hee u(x,y)=jand lim v(x,y)=k 
za @y)>@,c) wy) (,c) 


Proof: Suppose that lim f(z) = L and lete > 0. Then there is ô > 0 such that 0 < |z — a| < 6 implies 
Za 
If (z) — L| < e€. Now, 


|z—al = |œ + yi) - (b + ci)| = |@—b) + O - c)il = y œ - b}? + Q - c}? 
Also, |f (z) — L| = |(u(x, y) + iv(x,y)) — G+ ki)| = lu@y) - j) + (w, y) - Wil. 
So, if 0 < y(x — b)? + (y — c)? < 6, then 0 < |z — a| < 6, and therefore, |f (z) — L| < e. It follows 
that 


lu(x, y) -jl < lu@y-)+ wy) - kil = If (z) — L| < e 
and 


vay) -= kl slu@y)-)+WvG@y) -kil = |C) —-Ll<e 


Therefore, lim  u(x,y)= Luan Ro VOY) =K 
k a TS a a aR 


Conversely, suppose what pues ott y= ane, = e y) = kand lete > 0. Then there are 
X, y )>\D,C 


61,62 > 0 such that 
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0 < y(x — b)? + (y—c)? < 6, implies |u(x, y) — j| < . 


and 


0 < y(x — b}? + (y—c)? < ô implies |v(x, y) — k| < 3 
Let ô = min{d,,62} and assume that 0 < |z—a| <6. Since |z — a| = y (x — b)? + (y — c)? and 


ô < 6,,62, we have |u(x, y) — j| < = and lv(x,y) —k| < 2 It follows that 
If (z) — L| = (uy) + v(x, y)) = G + kD] = Iu vy) —) + Wy) — Dil 


E Æ 
< |u(x, y) — j| + lv(x,y)— k| crs &: 


Therefore, lim f(z) = L. Oo 
Za 
18. Give a reasonable definition for each of the following limits (like what was done right before 
Theorem 15.4). L is a finite real number. (i) lim f(z) = L; Gi) lim f(z) = ©. 
Z>0O Z>0 
Equivalent definitions: 


(i) lim f(z) = Lif and onlyif Ve > 046 >0 (1z > ; > |f@)-L| < e). 
Z> 0 


(ii) lim f(z) = œ if and only if Ve > 046 > 0 (iz >i> If(z)| >). 
Z—0o 


19. Prove each of the following: (i) lim f(z) = L if and only lim f (=) =L; Gi) lim f(z) =% if 
Z>00 z> ZO 


and only lim rey = 0. 


Proofs: 


(i) Suppose that lim f(@) = L and let e > 0. There is ô > 0 so that |z| > ; > |f(z) -—L| < e. If 
we let w= =, we have z = Z. and therefore, |ž| > 50 |f (=) -1| <€. But || >i is 
equivalent to 0 < |w| : ô. So, 0 < |w — 0| < ô > |f (=) — L| < e€. Thus, lim f (=) = L, This 
is equivalent to lim f (=) = L. 

Conversely, suppose that lim f (=) =L and let e >0. Then there is 6 >0 so that 
0<|z-O0|<éd-> If (=) — L| <e. If we let w= =, then z= Z. and therefore, we have 
0 < |ż| < ô —> |f(w)—- L| <e. Now, 0 < =| <6 is equivalent to |w| > L, So, we have 


lw| > : > |f (w) — L| < e. Therefore, lim f (w) = L, or equivalently, lim f(z) = L. = 
w-co Z—00 
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(ii) Suppose that lim f(z) = œ and let € > 0. There is 6 > 0 so that |z| > L > |f(z)| > =. If we 
Z—0O 


1 1 1 1 1 1 1 i f 
let w = -, we have z = —, and therefore, || >-> |f (-)| > -. But, | > = is equivalent to 
Z w w 6 w E w ô 


0< |w < 6 and | (—)| >= ise uivalent to =o <e.So0,0<|w|<éd-> > < €, and 
ESEA A 6 5 © © "<er 
a al 
theref lim —x = 0. This i ivalent to lim —x = 0. 
erefore, lim 7) is is equivalent to lim O 
Now, let lim — = 0 and let € > 0. There is ô > 0 so that 0 < |z — 0| < ô > esl < €. If 
z>0 f (}) r(Z) 

we let w = =, we have z = Z. and therefore, 0 < |z — 0| < 6 is equivalent to 0 < =| <ô, or 

equivalently, |w| > L, Also, A — 0} < € is equivalent to kl < €, which in turn is equivalent 

to |f(w)| >, So, |w] >> lf (w)| >, Thus, lim f(w) = œ. This is equivalent to 
w-co 

lim f(z) = œ. Oo 

Z—0o 


20. Let f, g: R > R be defined by f(x) = cos x and g(x) = sin x. Prove that f and g are uniformly 
continuous on R. Hint: Use the fact that the least distance between two points is a straight line. 


Proof: Let € > 0 and let 6 = min{e, 27}. Let x,y E R with 

|Ix—y| <6. Suppose that W(x)=(a,b) and 

W(y) = (c,d). The arc length along the unit circle 

between (a,b) and (c,d) is |x — y| and the straight-line 

distance between (a,b) and (c,d) is 
(a — c)? + (b — d )?. Thus, 


|cos x — cos y| = |a — c| < y (a — c)? + (b — d)? 


ale=yl: 
[Isin x — sin y| = |b — d| < y (a — c)? + (b — d)? 
< |x — yl. 


Therefore, we have |cosx — cosy| <|x—-y|<8<e€ 
and |sinx — sin y| < |x — y| <6 < e. It follows that f 
and g are uniformly continuous on R. 


CHALLENGE PROBLEM 


21. Consider C with the standard topology and S? with its subspace topology, where $2 is being 
considered as a subspace of RÌ. Let f: C > S? \ N be defined as follows: 


Z+Z z-z |zļ?-—1 
CN Ee EA e] 
1+ |z|2°i(1 + |z|) |z|? +1 


Prove that f is a homeomorphism. 
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Proof: We first show that f maps C into S?. We have 


242 y 2-5 5 |z|?-—1 a 
1 + |z|? i(1 + |z|?) |z|? +1 


a Z? +2274+7" z z? -2727+77 1 -— 2|z|? + |z|* 
-© 1+2ļz|2+]ļzļ4 -(1+2ļz|2+|z|® 1+ 2lļz|? + Iz/4 
Z? +227 +7 -z2 4227-7" 1 — 2|z|? + |z|* 


= 1+ 2|z|? FR 1+ 222+ lz] 1+ 2|z|2 + |z|* 
See ti Zire ig) air rigors Tee O 
~ 142z +lz4 142z? +Įz4  1+2ļz|2 +z 


So, f does in fact map C into S?. 


To see that N = (0,0,1) ¢ ran f, note that if f(z) = (0,0, 1), then z +Z = 0 and z — Z = 0. Adding 
|z|7-1 1 


=--=-11. 


|z|2+1 1 


these two equations gives us that 2z = 0, and so, z = 0. It follows that 


We now show that f is a bijection by producing an inverse function. We define g: $2 \ N > C by 


g(a,b,c) = (——) + (=>) 


Observe that (+) + (>) € C unless c = 1, but if c = 1, then a? + b? +c? = 1 implies that 


L=e 


a? + b? = 0, so that a = b = 0. But N = (0,0, 1) has been excluded from the domain of g. 


2a 
Isg 


Now, if z=(+)+()i then z=(+)-(=)i so that z + Z = —, z-z=(2) and 


1=¢ ta 8 1=¢ 
z? =(4) + (2 E 
~ Nie t-c) U 


Assuming a? + b? + c? = 1, it follows that a? + b? = 1 — c?. Therefore, we have 
4h 1—-2c+c* 1-c% 1-2c+c2 2-2 2(1-c) 2 


H tisa at a Uae Go? a =e? Te 


and 
pays a? +b? 1-2c+ a? +b’ -1+2c-¢? 
G=— (=p) (lec) 
1—c?-1+2c-—c* 2c—2c? 2c(1-c) 2c 
~ gae (=<? (=e le 
Thus, ae =% pe ura” (7 )i- SP = band ee te 


therefore, (alab) =F ((5) +(2):) = (Se eS) = Geno 


It follows that f ° g = idgayy. 
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Z+Z Z-Z |z|?-1 


|z|?-1 jz|?+1 = |z|?-1 2 
=i Ee eer ), then 1-¢=1-_ = n = 
1+|z|2 i(1+|z|2) |z|4+1 |z|?+1 |jz|@+1 = |z|#4+1 |jz|?+1 
z+z |z|?+1 z+Z b z-z Iz|7+1 2-7 

: = — = Rez and — = - . = = [MZ 
1+|z|? 2 2 1-c  i(a+|z|2) 2 Ea 


Now, if (a,b,c) = ( 


a 
Therefore, — = 
L=e 


Z+Z Z-Z |z|?-1 _ (a ap S s 
So, gi@)= g (Gere 5) = (=) + (—)i = Rez+(Imz)i =z. 
It follows that g ° f = id¢. 


Since f ° g = idga\y and g ° f = idç, g = f~t, and therefore, f is a bijection. 
To see that f is continuous, first observe that f = k o h, where h: C > C? is defined by h(z) = (z, z, z) 


- gaz 
and k: C? > R? is defined by k(z,w,v) = E e e) We can verify this with the 


following computation: (k ° h)(z) = k(h(z)) =k(2,2,2) = ( ase - = a) = 7 (2), 


1+|z|2’ i(1+|z|2)? |z|2 +4 


Next note that in general, if X, Y, and Z are topological spaces with j:X > Y and t: Y > Z continuous 
functions. Then t oj: X > Z is continuous. To see this, let U be open in Z. Since t is continuous, we 
have t~*[U] open in Y. Since j is continuous, j~*[t~1[U]] is open in X. Now, x € (t o j)~1[U] if and 
only if t(j(x)) = (t o j)(x) € U if and only if j(x) € t~1[U] if and only if x € j~+[t~*[U]]. It follows 
that (t o j)~+[U] = j-1[t-*[U]]. So, Ct o f)~*[U] is open in X. Since U was an arbitrary open set in Z, 
we have shown that t o j is continuous. 


By the last paragraph, to see that f is continuous, it suffices to show that k and h are continuous. 


To see that h is continuous, let U, V, and W be open in C. Then z € h7-1(U x V x W) if and only if 
(z,z,z) = h(z) E€ U XV xW if and only if z E€ U and z E V andz E€ W if and only ifz EUNV OW. 
So, h-1(U x V x W) = U NV NW, which is a finite intersection of open sets in C, thus open. Since 
{A x B x C | A,B,C are open in C} forms a basis for the product topology on C3, we have shown that 
h is continuous. 


Next note that if X and Y are topological spaces with j,t,s:X > Y continuous functions, then the 
function F:X? > Y? defined by F(a, b,c) = (i(a), t(b), s(c)) is continuous. To see this, let U, V, and 
W be arbitrary open sets in Y. Then we have (a,b,c)€F 1(UxXVxW) if and only if 
(j(a), t(b), s(c)) = F((a,b,c)) €UxV xW if and only if j(a) E U, t(b) E€ V and s(c) E€ W if and 
only ifa € j~*[U] and b € t~1[V] and c € s~1[W] if and only if (a, b,c) € j-*[U] x t7+[V] x s“7[W]. 
So, F-4(U x V x W) = j-*[U] x t7+[V] x s~+[W], which is open in the product topology of X?. Since 
{A x B x C | A,B,C are open in Y} forms a basis for the product topology on Y?, we have shown that 
F is continuous. 


By the last pacer to see that continuous, it a to show that the functions j,t,s:C > R 
defined by j(z) = and s(z) = 


=i i 
=F ace t(z) = Ge "erry z7; are continuous. 
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Let’s prove that j is continuous directly from the definition of continuity. Let w = a + bi E C, let 
e > 0, let M = max{1, |2a —1|, |2a + 1],|2b — 1], |2b + 1|, 1 + a? + b?}, and let 6 = min {r} 
Suppose that |z—w|<6. It follows that |(«+yi)—(a+tbi)|<6, or equivalently, 
(x — a) + (y — b)i| < ô. So, (x — a)? + (y — b)? < 8°. Since |x — a| and |y — b| are both less than 


or equal to /(x—a)?+(y—b)? <6, we have |x—al|<6 and |y—b|< ő. Since 6 <1, 
|x —a| <1, or equivalently, -1 < x— a < 1. Adding 2a, we have 2a—1<x+a< 2a+1. So, 
|x +a| < max{|2a — 1|,|2a + 1|} < M. Similarly, |y + b| < max{|2b — 1], |2b + 1|} < M. We also 
have |a| < a? + b? +1 < M. Also, since M > 1, M? > M. So, we have 
o | 2x 2a 2x(1 + a? + b?) — 2a(1 + x? + y?) 
[1 +x? +y? 1+a@ +b? (1+ x? +y?) (1 + a? +b?) 

< |2x(1 + a? + b?) — 2a(1 + x? + y?)| 
= |(2x — 2a)(1 + a? + b?) + 2a (1 + a? + b?) — 2a (1 + x? + y?)| 

= |2(x — a)(1 + a? + b?) + 2a(a? + b? — x? — y?)| 

< 2|x —al|1 +a? + b?| + 2lalla—x||a+x| + 2lļaļlb — yllb + yl 


oe wt+w 
14+ |z|? 1+ |w/? 


: M? + 2M E M+2M > M 
. . . i n Ý Ag. 
6M2 6M2 6M2 


<2. 
So, j is continuous at w = a + bi € C. Since w E C was arbitrary, j is continuous on C. 
The proofs that t and s are continuous are similar. It follows that f is continuous. 


To see that g = f~* is continuous, first observe that g(a, b,c) = u(a,b,c) + iv(a, b,c), where 
u:S? \N > R and v:S? \N > R are defined by u(a, b,c) = T and v(a,b,c) = Z, The proof 
used in Problem 17 can be modified slightly to show that g is continuous if and only if u and v are 
continuous. 


We leave it to the reader to show that u and v are continuous. It then follows that g = f~? is 
continuous. 


Since f: C > S? \ N is bijective, continuous and has a continuous inverse, f isa homeomorphism. o 
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Problem Set 16 


LEVEL 1 


1. Let V and W be vector spaces over R. Determine if each of the following functions is a linear 
transformation: (i) f:R—R defined by f(x)=2x+1; (ii) g:R— R? defined by 
g(x) = (2x, 3x); (iii) h: R? > R? defined by h( (x, y,z)) = (x + y,x+z,z-y). 


Solutions: 
(i) f() =2-0+1=1 #0. Since the image of 0 under a linear transformation is 0, f is not a 
linear transformation. 
(ii) g(ax + by) = (2(ax + by), 3(ax + by)) = (2ax + 2by, 3ax + 3by) 
= (2ax, 3ax) + (2by, 3by) = a(2x, 3x) + b(2y, 3y) = ag(x) + bg(y). 
By Theorem 16.1, g is a linear transformation. 
(iii) h(a(x, y,z) + b(s,t, w)) = h( (ax + bs,ay + bt,az + bw)) 
= (ax + bs + ay + bt,ax + bs + az + bw,az + bw — ay — bt) 
= (ax + ay,ax + az,az — ay) + (bs + bt,bs + bw, bw — bt) 
a(x+y,x+z,z-y)+b(st+t,st+w,w-—t)= ah((x,y, z)) + bh((s, t, w)). 
By Theorem 16.1, h is a linear transformation. 


27 0 -3 1 1 3 0 
2. Compute each of the following: (i) i 1 T 1 -4 2 0 
2 0 


1-4 
Bo a b q f1 0 1 
wi) 7) =Íl shan la fo 2 o| 
2 g h ill3 1 4 


-4 
; (ii) [B -1 s- E7} 
2 


® 


Solutions: 


„o-ga 22 {Wwe oe p 
w afi -4 2 =| 3 

2 0 1-4 

=" 


-4 6 -16! 


(ii) [3 -1 s):[-7]=-1247 410-5. 


2 
-4 -12 4 -20 
(iii) 7) 1 -1 s)=|-21 7 -35| 
2 6 -2 10 
a b c 1 0 1 a+3c 2b+c a+4c 
mla e ‘fo 2 OlJ=|d+3f 2e+f d+4f}. 
g h ill3 1 4 g+3i 2h+i g+4i 
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LEVEL 2 


3. Consider C as a vector space over itself. Give an example of a function f: C —> C such that f is 
additive, but not a linear transformation. Then give an example of vector spaces V and W and a 
homogenous function g: V — W that is not a linear transformation. 


Solution: Define f: C > C by f(z) = Rez. If z = x + yi and w = u + vi, then 


f(z+w) = f((x + yi) + (u + vi)) =f((x+u) + (y + v)i) 
=x +u = Rez + Rew = f(z) + fw). 
So, f is additive. 


Now, f(i-1)=f( =0 and i-f(1) =i-1=i. So, f(i-1)+i-f(1). Therefore, f is not 
homogenous. 


So, f is not a linear transformation. 


Let V = R? and W = R, considered as vector spaces over the field R. Define g: R? > R by 
1 
g((v,w)) = (v? + w°). Then for k € R, we have 


g(k(v,w)) = g((kv, kw)) = ((kv)? + (kw)3)3 = (k3v3 + k3w3)3 = (k? (v? + w3))3 
= (k3)3(v3 + w3)3 = k(v? + w3)3 = k- g((v,w)). 


Therefore, g is homogeneous. 
Now, we have 


g((1,0)) + g((0,1)) = (2? + 0333+ (03 +13 =141=2. 
g((L0) + (0,1)) = g((1,1)) = (1 + 13)3 = 23, 
So, g((1, 0) + (0, 1)) # g((1,0)) + g((0,1)), and therefore, g is not additive. 


So, g is not a linear transformation. 


LEVEL 3 


4. Let P = {ax* + bx + c | a,b,c E€ R} be the vector space of polynomials of degree 2 with real 
coefficients (see part 3 of Example 8.3 from Lesson 8). Define the linear transformation 
D:P > P by D(ax? + bx + c) = 2ax + b. Find the matrix of T with respect to each of the 
following bases: (i) The standard basis B = {1,x,x7}; Gi) C = {x + 1,x?7 + 1,x? + x}. 
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Solutions: 


(i) D(1) =0 = 0x? +0x+0, D(x) =1=0x?7+0x+1, and D(x?) = 2x = 0x? + 2x + 0. 


0 0 0 
Therefore,M;=|0 0 2). 
01 0 


(ii) We have the following: 
D(x+1)=1 =F et) +5? +) -F@% +x) 
D(x? +1) = 2x = 1(x + 1) — 1(x? + 1) + 1(x? + x) 
D(x? +x)=2x+1 = +1) FO? +1) +502 +2) 


i j 3 
2 2 

Therefore, Mr(C) =| > -1 -Ż|. 
Agy 2 
2 2 


Notes: (1) In part (ii), it’s a little more challenging to express the images of basis elements as a linear 
combination of basis elements. For example, how do we express 1 as a linear combination of x + 1, 
x? + 1, and x? + x. Well, we need to find weights c,, C2, and c3 such that 


1 =c,(x +1) + c(x? +1) +03(x? + x). 


We rewrite each side of this equation as a linear combination of x”, x, and 1 as follows: 
1 = CX + C1 +C2X? + C3 + C3X? + 63x 
0x? + 0x +1 = (c> + c3)x? + (cy + c3)x + (c1 + c2) 


Since x?,x,1 are linearly independent, we must have c3 + c3 = 0, c4 + c3 = 0, and cy +c = 1. 
Subtracting the first equation from the third equation gives c4 — cz = 1. Adding this equation to the 


second equation gives 2c, = 1. Dividing by 2, we get c, = =. Using this value for c4 and the second and 


f ; 1 eae : T 
third equations, we get c, = z and c3 = a This is how we wrote D(x + 1) as a linear combination of 
x +1, x? +1, and x? + x in the solution above. 


The computations for D(x? + 1) and D(x? + x) can be done similarly. 


(2) In a computational linear algebra course, you learn a procedure for solving systems of linear 
equations called Gauss-Jordan reduction. This procedure will always allow you to express arbitrary 
vectors as linear combinations of basis vectors. In fact, a single Gauss-Jordan reduction can be used to 
express the images of as many vectors as we like as a linear combination of basis vectors. Performing 
tedious computations like this lies outside the scope of this book and so, we leave it for the interested 
reader to investigate themselves. 


5. Let V and W be vector spaces with V finite-dimensional, let U < V, and let T E€ L(U, W). Prove 
that there is an S E L(V, W) such that S(v) = T(v) for all v E U. 
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Proof: Suppose that U < V with dim V = n. Let B = {v, V2,..., Vx} be a basis of U. Since v4, Vo, ..., Vk 
are linearly independent, by the note following Theorem 16.8, we can extend B to a basis B’ of V, say 
B! = (04, Vo, 1) Vk, Vk+1 =s Un}. Define S by S(c1V1 + + + CnhYVn) = T (c11 ++ + CkYg). Since every 
vector in V can be written as a linear combination of the vectors in B’, domS =V. Also, 
ran S & ran T & W. So, S: V > W. Since T is linear, so is S. If v E U, then v can be written as a linear 
combination of the vectors in B, say v = cyV1 + ++: CkVg. Then we have 


Sv) = S(c1V1 + + CkVg) = S(c1V1 ++ CVE + OV eG Ho + Ov) 
= T(cyv, +++ + CkYg) = T (v). o 


LEVEL 4 


6. Let T:V > W be a linear transformation and let v4, V2, ..., Vn E V. Prove the following: (i) If T 
is injective and v4, V3, ..., Vn are linearly independent in V, then T (v1), T2), ..., T(V) are 
linearly independent in W. (ii) If T is surjective and spanfvı, Vz, ..., Yn} =V, then 
span{T (v1), Tv2), ..., Tn} = W. 


Proofs: 


(i) Let T be injective and assume that vj, V2, ..., Vn are linearly independent. Let c4, ..., Cn € F be 
such that cı T (v1) + + caT (vn) = 0. Since T is a linear transformation, T(c, V1 + + Cnn) = 0. 
Since T is injective and T(0) = 0, we have c,v, +: CnYVn = 0. By the linear independence of 
Vi, Vz, e, Vn, Cy = Cz =+ = Cy = 0. So, T (v1), Tv2), «.., T (vn) are linearly independent. o 


(ii) Let T be surjective and assume that span{v4, V2, ..., Vn} = V. Let w € W. Since T is surjective, 
there is v E V such that T (v) = w. Since span{vq, V2, ..., Vn} = V, V = C1V1 ++ CnYVn for some 
Cis -Cn E F. Then Tv) = T (c11 + + Cnn) = aT (V1) + + cnT (vn). Therefore, w = T (v) 
is in span{T (v1), T (v2), ..., T (vn)}. So, W S span{T (v1), T (v2), ..., T(Vvn)}. Since T: V > W 
and W is closed under taking linear combinations, span{T (v1), T (v2), ..., T (vn)} E W. Thus, 
we have span{T (v1), T(v2),..,T(,)} = W. m 


7. Determine if each linear transformation is diagonalizable: (i) T:R? > R? defined by 
T((x,y)) = (y, 2x); Gi) U: C? > C? defined by U((z,w)) = (z + iw, iz — w). 


Proofs: 


(i) We find the eigenvalues of T by solving the equation T(E y)) = A(x, y), or equivalently, 
(y, 2x) = (Ax, Ay). Equating the first components and second components gives us the two 
equations y = Ax and 2x = Ay. Substituting Ax for y in the second equation gives 2x = A*x, 
or equivalently, 42x — 2x = 0. Using distributivity on the left-hand side of this equation gives 
x = 2) = 0. So, x = 0 or 2? — 2 = 0. If x = 0, then y = 200) = 0. So, (x,y) = (0, 0). Since 
an eigenvector must be nonzero, we reject x = 0. The equation A? — 2 = 0 has the two 
solutions A = V2 and A = - V2 . These are the two eigenvalues of T. 
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(ii) 


Next, let’s find the eigenvector corresponding to the eigenvalue 2 = V2. In this case, we have 
T((x, y)) = V2(x,y), or equivalently, (y, 2x) = (v2x, v2y). So, y = V2x and 2x = V2y. 
These two equations are actually equivalent. Indeed, if we multiply each side of the first 
equation by V2, we get V2y = V2 - V2x, or equivalently, V2y = 2x. 


So, we use only one of the equations, say y = V2x. So, the eigenvectors of T corresponding to 
the eigenvalue A = V2 are all nonzero vectors of the form (k V2x). In particular, if we let 
x = 1, we get the eigenvector (1, V2). 


Let’s also find the eigenvector corresponding to the eigenvalue A = - V2. In this case, we have 
T((x,y)) =-V2(x,y), or equivalently, (y,2x) = (-V2x,-V2y). So, y=-V2x and 
2x = -V2y. These two equations are equivalent. Indeed, if we multiply each side of the first 
equation by - V2, we get - V2y = -V2(- V2x), or equivalently, - V2y = 2x. 


So, we use only one of the equations, say y = - V2x. So, the eigenvectors of T corresponding 
to the eigenvalue A = - V2 are all nonzero vectors of the form (x, -V2x). In particular, if we 
let x = 1, we get the eigenvector (i, - v2). 


It follows that B = ee 42), (1, - v2) is a basis of eigenvectors of V and we have 
T (4, v2)) = v2(1, v2) 
T ((1,-v2)) =-V2(1,-v2) 
[Deval 


Therefore, the matrix of T with respect to B is M;(B) = 


Since M;(B) is a diagonal matrix, T is diagonalizable. 


We find the eigenvalues of U by solving the equation U((, w)) = A(z,w), or equivalently, 
(z + iw, iz — w) = (Az, Aw). Equating the first components and second components gives us 
the two equations z + iw = Az and iz — w = Aw. From the second equation, we must have 
Aw + w = iz, or equivalently, w(A + 1) = iz. Multiplying the first equation by i gives the 
equation iz — w = Aiz. Replacing iz by w(A +1) gives us wWA+1)-—w=Aw(A+1), or 
equivalently, w(A + 1 — 1) = wA(A +1). So, we get wå —wd(A+ 1) = 0, or equivalently, 
wA(1 —A-—1) =0 or -wd? = 0. So, A=0 or w=0. Since w = 0 implies z = 0 and an 
eigenvector must be nonzero, we reject w = 0. It follows that A = 0 is the only eigenvalue of 
U. 


Let’s find the eigenvectors corresponding to the eigenvalue 2 = 0. In this case, we have 
U((z, w)) = 0(z,w), or equivalently, (z + iw,iz — w) = (0,0). Therefore, z + iw = 0 and 
iz — w = 0. These two equations are actually equivalent. Indeed, if we multiply each side of 
the first equation by i, we get iz — w = 0. 


So, we use only one of the equations, say iz—w = 0, or equivalently, w = iz So, the 
eigenvectors of U corresponding to the eigenvalue A = 0 are all nonzero vectors of the form 
(z,iz) = z(1,i). Since all these vectors are scalar multiples of each other, a basis of 
eigenvectors has just one vector. Therefore, U is not diagonalizable. 
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8. Let V and W be vector spaces over a field F. Prove that L(V, W) is a vector space over F, where 
addition and scalar multiplication are defined as in Theorem 16.2. 


Proof: We first prove that (L(V, W), +) is a commutative group. 


(Closure) Let S,T € L(V, W), let v, w E V, and let a,b € F. Then 
(S + T)(av + bw) = S(av + bw) + T(av + bw) = aS(v) + bS(w) + aT(v) + bT(w) 
= a(S(v) + T(v)) + b(S(w) + T(w)) = a(S + T)(v) + D(S + T)(w). 
S0,S+T EL(V,W). 


(Associativity) Let S,T, U € L(V,W) and let v E V. Since addition is associative in W, we have 
((S +T)+ U)(v) = (S$ +T)(v) +U(v) = (S(v) + T(v)) + U(v) 
= S(v) + (T(v) + U(v)) = S(v) + (T + U)(v) = (S +(T+ U))(v). 
so,5 +7) +0 =S +7 +0), 


(Commutativity) Let S,T € L(V,W) and let v E V. Since addition is commutative in W, we have 
(S+T)(v) = S(v) + Tv) = T(v) + S(v) = (T + S)(v). 
SoS FT +7 +a. 


(Identity) Define 0: V > W by 0(v) = 0 for all v E€ V. Then for all v, w E V anda,b E F, 

O(av + bw) =0=04+0=a-0+b-0=a0(v) + b0(w). 
So, 0 € L(V, W). 
ForanyT € L(V,W) andv E V, we have (T + 0)(v) = T(v) + 0(v) = T(v) + 0 = T(v) and we have 
(0+ T)(v) = 0(v) + T(v) = 0+ TW) =T(v).S0,T+0=04+T =T. 
(Inverse) Let T € L(V,W) and define S by S(v) =-T(v) for all v E€ V. Then for all v, w E V and 
a,b EF, 

S(av + bw) = -T (av + bw) =- (aT (v) + bT(w)) = a(- T(v)) + b(- T(w)) = aS(v) + bS(w). 

So, S E L(V, W). If v E V, then 

(T+S)(v) =T(v) + S(v) = TW) + (- T(v)) =0= 0(v), 

(S+T)(v) = Sw) + TW) =-TW) + Tv) = 0 = 0v). 

So, 7 +S =S+T = 0. Therefore, S =-T. 


Now, let’s prove that L(V, W) has the remaining vector space properties. 


(Closure under scalar multiplication) Let k € F, let T E L(V, W), let v,w E V, and let a, b E F. Then 
(kT)(av + bw) = kT (av + bw) = k(aT(v) + bT(w)) = k(aT(v)) + k(bT(w)) 
= (ka)T(v) + (kb)T(w) = (ak)T(v) + (bk)(T(w)) = a(kT(v)) + b(kT(w)) 
= a(kT)(v) + b(kT)(w). 
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So, kT € L(V,W). 


(Scalar multiplication identity) Let 1 be the multiplicative identity of F, let T € L(V,W), and let 
v EV. Then (1T)(v) = 1T(v) = T(v). So, 1T =T. 


(Associativity of scalar multiplication) Let j,k € F, let T € L(V,W), and let v E€ V. Then since 
multiplication is associative in W, we have 


(GOTI = GOTE) = j(kT(v)) = (RT) = (TI) (v). 
So, (jk)T = j(kT). 


(Distributivity of 1 scalar over 2 vectors) Let k € F, let S,T € L(V,W), and let v EV. Since 
multiplication is distributive over addition in W, we have 
(k(S T T))(v) =k(S+T)(v) = k(S(v) at T(v)) = kS(v) + kT(v) 
= (kS)(v) + (kT)(v) = (kS + kT)(v). 
So, k(S +T) =kS +kT. 


(Distributivity of 2 scalars over 1 vector) Let j,k € F, let S € L(V,W), and let v EV. Since 
multiplication is distributive over addition in W, we have 


(g + k)S)(v) = (j + k)S(v) = jS(v) + kS(v) = GS)(v) + (kS)(v) = GS + kS)(v). 
So, (j + k)S = jS + kS. m| 
9. Let V be a vector space over a field F. Prove that £(V) is a linear algebra over F, where addition 


and scalar multiplication are defined as in Theorem 16.2 and vector multiplication is given by 
composition of linear transformations. 


Proof: By Problem 8, (L(V), +) is a vector space over F. We now go through the properties for vector 
multiplication. 


(Closure) We showed right before Example 16.2 that if V, W, and U are vector spaces over F, and 
T:V > W, S:W —> U are linear transformations, then the composition So T:V > W is a linear 
transformation. If S,T € L(V), then V = W = U,andso, S ° T: V > V. Therefore, ST = SoT E€ L(V). 


(Associativity) Let S, T, U € L(V) and let v E V. Then 


((ST)U)(v) = (ST)(U(@)) = S (T(U@))) = S(CTU)@)) = (STV) o). 
Since v E V was arbitrary, (ST)U = S(TU). 
(Identity) Define 1: V > V by I(v) = v forall v E V. Then for all v, w E V anda,b EF, 
I(av + bw) = av + bw = al (v) + bI (w). 
So, 1 € L(V). 


ForanyT € L(V) and v E V, we have (T/)(v) = T(I(v)) = T(v) and (IT) (v) = I(T(v)) =T(v). 56; 
FSIS 
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(Left Distributivity) Let S,T, U € L(V) and let v E V. Since multiplication is distributive over addition 
in V, we have 


(S(T + U))() = S((T + U)(v)) = S(T) + U@)) = S(T@)) + S(UU@)) 
= (ST)(v) + (SU)(v) = (ST + SU)(v). 
Since v E V was arbitrary, S(T + U) = ST + SU. 


(Right Distributivity) Let S,T, U € L(V) and let v E V. Since multiplication is distributive over addition 
in V, we have 


((S + T)U)(v) = (S + T)(U()) = S(U(@)) + T(U()) = (SU) w) + (TU) (v) = (SU + TU) (v). 
Since v E V was arbitrary, (S + T)U = SU + TU. 


(Compatibility of scalar and vector multiplication) Let S,T € L(V) and k E F. 
(k(ST))(v) = k((ST)(W)) = k (S(T@))) = (KS)(TH)) = (KST) V) 
So, k(ST) = (kS)T. 
(k(ST))(v) = k ((STW))) = k(S(T@))) = S ((T@))) = S(T) = (SET) Y) 
So, k(ST) = S(KT). D 


10. Let T:V > W and S:W > V be linear transformations such that ST = iy and TS = iw. Prove 
that S and T are bijections and that S = Tt. 


Proof: By symmetry, it suffices to show that T is a bijection. 
Let v,w E V and suppose that T (v) = T (w). Since ST = iy, 

v = iy(v) = (ST)(v) = S(T@)) = S(T(w)) = (ST)(w) = iy(w) = w. 
Therefore, T is injective. 


Let w E W. Since TS = iw, w = iww) = (TS)(w) = T(S(w)). So, w E€ ran T. Therefore, T is 
surjective. 


Since T is injective and surjective, T is a bijection. 
Suppose that T (v) = w. Then v = iy(v) = (ST)(v) = S(T(v)) = Sy). 50,5 =T, Oo 


11. Let V and W be finite-dimensional vector spaces and let T E€ L(V,W). Prove the following: 
(i) If dim V < dim W, then T is not surjective. (ii) If dim V > dim W, then T is not injective. 


Proofs: 
(i) By Theorem 16.8, rank T + nullity T = dim V. So, we have 
rank T = dimV — nullity T < dimV < dimW. 
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So, dim T[V] = rank T < dim W. Therefore, T[V] # W, and so, T is not surjective. o 
(ii) By Theorem 16.8, rank T + nullity T = dim V. So, we have 
nullity T = dim V — rank T > dim V — dim W > 0. 
So, dim ker (T) > 0. Therefore, ker(T) # {0}. By Theorem 16.7, T is not injective. Oo 


12. Prove that two finite-dimensional vector spaces over a field F are isomorphic if and only if they 
have the same dimension. 


Proof: Let V and W be finite-dimensional vector spaces over a field F. First suppose that 
dim V = dim W =n. By part 2 of Example 16.4, both V and W are isomorphic to F”. Since 
isomorphism is an equivalence relation, V and W are isomorphic to each other. 


Conversely, suppose that V and W are isomorphic. Let T: V => W be an isomorphism. Since T is an 
isomorphism, it is surjective. By part (i) of Problem 11, dim V > dim W. Since T is an isomorphism, it 
is injective. By part (ii) of Problem 11, dim V < dim W. Therefore, dim V = dim W. 


13. Let T € L(V) be invertible and let A € F \ {0}. Prove that A is an eigenvalue of T if and only if 
1 


zis an eigenvalue of T~*. 


Proof: A is an eigenvalue of T if and only if there is a nonzero v E V such that T (v) = Av. Now, 
Tw) = v STAT) = T Gy) e (TFT) O) =T) 


Siy(v) =AT Mm @ vp =AT Ws iv =f Hpi 


So, A is an eigenvalue of T if and only if Tt (v) = =v if and only if = is an eigenvalue of T+. o 


LEVEL 5 
14. Let V be a vector space with dim V > 1. Show that {T € L(V) | T is not invertible} ¢ L(V). 


Proof: Let X = {T € L(V)|T is not invertible}. First suppose that dim V = 2 and let {v,. vz} be a basis 
of V. Let T be the linear transformation such that T (v1) = v4 and T (v3) = v4. Since T is not injective, 
T is not invertible. Let U be the linear transformation such that U(v,) = 0 and U(v3) = -v4 + v3. 
Since v, # 0 and U(0) = 0, U is not injective, and therefore, U is not invertible. Now, we have 
(T + U) (vi) = T (v1) + UY) = v, +0 = v4, (T + U) (2) = T (v2) + Uv) = v1 — v1 + VQ = VQ. 
So, T + U = iy, which is invertible. Therefore, X is not closed under addition, and so, X £ L(V). 


Now, let dim V =n > 2. Let T be the linear transformation such that T(v,) = T(v2) = vı and 
T(v,;) = v; for each i = 3,...,n. Since T is not injective, T is not invertible. Let U be the linear 
transformation such that U (v3) = - v4 + v, and U(v;) = 0 for each i ¥ 2. Since U is not injective, U 
is not invertible. Now, we have (T + U)(v2) = T(v2) + U(v2) = vy — v4 + v, = v, and for alli # 2, 
(T + U) (v;i) = T (vi) + U(vi) = vi + 0 = vi. So, T + U = iy, which is invertible. Therefore, X is not 
closed under addition, and so X ¢ L(V). Oo 
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15. Let V be an n-dimensional vector space over a field F. Prove that there is a linear algebra 
isomorphism F: L(V) > MEn. 


Proof: Let B = {v,,..., Vn} be a basis of V and define F:£(V) > ME, by F(T) = M;(B). 


Qil ° Gin 
Suppose that F(T) = F (U), so that M;(B) = M,(B). Suppose that M;(B) =| : ; | Then 
Anı ` Ann 
Qi * Qin 
we also have My (B) =| : : | Let j € {1, 2, ..., n}. Then we have 
Qni ` Ann 


T(v;) = A4jVy + A2jV2 +o AnjUn = U(v;). 


Since j € {1, 2, ..., n} was arbitrary, for all j = 1, 2,...,n, T(v;) = U(v;). Since B is a basis of V, for all 
v E V, T(v) = U(v). Therefore, T = U. So, F is injective. 


4414" Gin 
Let | : : | € Min. Define T € L(V) on B by T(v;) = ayjvy + a2jV2 + anjVn for each 
Ani ‘© Ann 
Qi ‘U Qin 
j =1,2,...,n. Then clearly F(T) = | : . So, F is surjective. 
Ani ‘| Ann 
Qil ` Gin bia = bin 
Let T,U € L(v) and let a,b € F. Suppose that F(T) = | : and F(U) =| : : | 
Ani ** Ann Dna i bnn 


Then for each j = 1,2,...,n, T(v;) = Q1 jV1 + Q2jV2 + AnjVn, U(v;) = by jv, + b2jV2 + +++ bnjVn. 
So, (aT + bU)(v;) = (aay; + bb,j)v%4 ++ (aan; + bbar) Yw Therefore, 


aay, + bby, * aain + bbin Adj, ** Alin bby, = bbin 
F(aT + bU) = : : -| : El | 
adni Fbbn ** danan F bban Ginn 3 ala bbny = bbpn 
Qil * Ain bi = bin 
=al : : [+b]: = aF (T) + bF (U). 
A bani | bmn 


So, F is a vector space homomorphism (in other words, F is a linear transformation). 
A414 ° Gin bıı ot Din 
Now, let T,U € L(V). Suppose that F(T) =| : : land F(U) =| : : |. Then for 
Ani ** Ann Dri g bnn 
each j = 1,2,...,n, T(v;) = Q1 jV1 + AzgjV2 ++ +AnjMn, U(v;) = by jv + bava + +++ + bnj Vn: 


We have (TU)(v;) =T (u(v)) = T (bijv toyta “poster Vagtn) = Cy jV1 + C2jV2 +o + CyjVn, 
where cij = @j,b1; + aizbz2j + +++ + Ginbnj. Also, we have 
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Qia °°) Qin] fbi. o Din Cia | Cin 
' : Š : : = : : , Where Cit = Qjb4; oF j2b2; T Ginby;. 


an1 Ann bni a Pn Cni “* Cnn 
Cie e Cin ai * Ain] fhia o bain 
It follows that F(TU) = | : H= s a : |= F(T)-F(U). 
Cni ` Cmn Ani ** Ann Dn Dan 
Let i € L(V) be the identity function, so that i(v;) = vj for each j = 1,2,...,n. Then F(i) = I, where 
1 0 eee 0 
I= p : a ° , the identity for multiplication of n X n matrices. 


0 0 eee 1 
Therefore, F is a ring homomorphism. Since F is both a vector space homomorphism and a ring 


homomorphism, F is a linear algebra homomorphism. Since F is also bijective, F is a linear algebra 
isomorphism. o 
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